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1 Introduction and statement of results

Partitions into distinct parts, and distinct consecutive parts, have been studied for cen-
turies by the likes of Leonhard Euler, J.J. Sylvester, and others. We present a bridge between
these two types of partitions in the form of k-almost consecutive partitions, which we define
to be partitions with strictly greater than k distinct parts, all of which are consecutive with
the possible exception of the k smallest parts. We will interchangeably refer to k-almost
consecutive partitions as having k-almost consecutive parts. For a fixed k € No, we define

Pra(n) := p(n: k-almost consecutive parts),

where p(n) := #{partitions of #} is the ordinary partition function. (In particular, py,(0) =
0.)

Example I For k = 0 and n € N, we have that pg,(n) = p.(n), where the consecutive

parts partition function is defined by p.(n) := p(n: consecutive parts). Consequently,
2025, 5+ 4 + 3, and 60 + 59 + 58 + 57 + 56 are all examples of 0-almost consecutive
partitions.

Example 2 For k = 1 and n € N, we have that p1,(n) = p,(n) — 1 in the notation of [18]
whose definition of almost consecutive partitions we extend (to k > 1). Further discussion
of results from [18] in the context of the results of this paper is given in the sections that
follow; in particular, see Remark 3.
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Example 3 For k = 3, 3-almost consecutive partitions allow a consecutive segment with
up to 3 lesser distinct parts following (if the parts of the partition are arranged in non-
increasing order as usual). The partitions 90 + 54 + 32 42,10+ 9+ 8+ 5+ 4 + 2, and
6 +5+44 + 3+ 2+ 1 are all examples of 3-almost consecutive partitions.

Example 4 For fixed k > 0, all distinct parts partitions with k + 1 parts are k-almost

consecutive.

In what follows, we will more generally study py,(m, n) := py,(n: largest part m), and
its corresponding two-variable generating function

oo o0
Pra(w;q) =Y Y pralm, mw™q",

n=0 m=0

o
also noting that Py, (1;9) = Z Pra(m)q” =: Pr,(q). We also extend several of our results
n=0

(for integers k > 0) to the setting of negative integers k < 0, as found below and further
discussed in Section 2.2.

Our results on k-almost consecutive partitions include connections to the theory of
modular forms, combinatorial identities, exact formulas, asymptotic behaviors, and more.

To motivate the first of these, we recall the generating function for partitions into distinct

parts
o0 oo
Pylq) =) patmq"=[]A+q")
n=0 n=1

where p;(n) := p(n: distinct parts), which may be realized (up to multiplication by g'/%%)

as a modular 7-quotient of weight 0 with the usual modular variable g = >, with
teH:={x+iye C:xy e Ry> 0}. Thatis, qﬁPd(q) = n(21)/n(t), where (1) :=

o0
qﬁ 1—[(1 — ¢q") is Dedekind’s weight 1/2 cusp form, satisfying

n=1
n(r +1) = gun(t), n(=1/1) = v—itn(7)

for all T € H, with respect to the action of the generators T := (} {) and S = ((1) ’01) of
the modular group SLy(Z). Here and throughout, we let £y := e27//N denote the N'th root
of unity (N € N).

Our first set of results realizes k-almost consecutive partition generating functions
within the theory of quantum modular forms. Loosely speaking, quantum modular forms
exhibit modular-like transformations with respect to the action of a suitable subgroup of
SLy(Z); however, the domain of a quantum modular form is not the upper half-plane H,
but rather the set of rationals Q or an appropriate subset, and the functions transform with
a “well-behaved”error to modularity on Q. The formal definition of a quantum modular
form was originally introduced by Zagier in [22] as follows:

Definition 1 A weight k € %Z quantum modular form is a complex-valued function f
on Q, such that forall A = <;‘ ?) € SLy(Z), the functions /14 : Q \ A~ (ico) — C defined
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by

satisfy a “suitable”property of continuity or analyticity in a subset of R.

(Here, |e(A)| = 1 as in the theory of ordinary modular forms.) We point out that this
definition has been slightly modified since its origin to allow for half-integral weights,
subgroups of SLy(Z), etc. (see [2]). Moreover, Zagier has since defined and developed the
notion of a holomorphic quantum modular form [23], which is a holomorphic f : H — C
such that the functions /4 are holomorphic on a larger domain than H, such as the slit
plane C \ (—o0, 0]. (See also [14,15].)

Bringmann and the first author later defined the notion of a quantum Jacobi form and
offered the first example in [1], an example which admits a combinatorial interpretation.
Quantum Jacobi forms are a marriage of quantum modular forms with Jacobi forms, the
theory of which was largely developed by Eichler and Zagier in the 1980s [7]. Quantum
Jacobi forms take values in C, are defined in Q@ x Q (as opposed to C x H in the case of
Jacobi forms) and exhibit Jacobi transformation properties there, up to the addition of
smooth error functions in R x R. For a precise definition, see Section 2.1.

To state our first main result, we use the following notation for slightly normalized
k-almost partition generating functions

Pra(ziT) = g3 wi Pry(w; ),

iz q = XTIt are specialized Jacobi variables. In what follows, we also

where w = e
occasionally abuse notation and write Py,(z; T) in place of Py, (w; g) with this same Jacobi
change of variables for convenience as needed. We note again that Py, for k < 0 is

discussed in Section 2.2.

Theorem 1.1 For odd integers 2k — 1 (with k € Z), we have that the almost consecutive
parts partition generating functions

Pok-1)alz; —1)

are depth two quantum Jacobi forms of weight 1/2, index —1/8, with respect to G X (4kZ x
27.), (modular Jacobi) multiplier v, and with quantum Jacobi sets Ty for k € N, and S,
fork € —Np.

Moreover, for negative even integers 2k (withk € —N), we have that the almost consecutive
parts partition generating functions Py, (z; T) are (depth one) quantum Jacobi forms of
weight and index 0, trivial (modular Jacobi) multiplier, with respect to SLy(Z) % (Z x 7Z.),
and with quantum Jacobi sets Q x Q.

The subsets Sy and Ty of Q? are defined in (5.1) and (5.2) respectively, the modular
subgroups Gy are defined in (5.3), and the multiplier ¥, is as defined in [12] (see also
Section 2.1). The C* nature of the errors to (Jacobi) modularity of Pgx_1),(z; —7) is
described in more detail in the proof of Theorem 1.1.
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Remark 1 Motivated by Theorem 1.1 and work of Bringmann, Kaszian, and Milas [3]
which defines the notion of higher depth quantum modular forms, we offer a definition of
higher depth quantum Jacobi forms in Definition 3, blending the notion of higher depth
quantum modular forms with that of quantum Jacobi forms. Formally, as stated above,
our combinatorial generating functions Px_1),(w; q) (modestly normalized) are what we
define to be depth two quantum Jacobi forms, as the proof of Theorem 1.1 reveals that
they are products of quantum Jacobi forms (see Example 5). We emphasize that it is a
question of interest to find other, non-decomposable, examples of higher depth quantum
Jacobi and higher depth quantum modular forms, including those arising from pertinent
combinatorial generating functions.

Remark 2 We refer the interested reader to [10] for quantum and analytic properties
associated to the functions Py, for k € Ny, owing to the fact that po,(n) = d,(n), where
do(n) := #{odd (positive) divisors of n} (see (1.1)), along with (1.9) of Proposition 1.8, also
using that p.(n) = d,(n) (for n € N) after an identity of Franklin and Sylvester [13].

In addition to understanding any potential modularity of combinatorial generating func-
tions as discussed above, it is also a question of interest to understand the asymptotic
growth of their coefficients. In the case of the partition function p(n) for example, Hardy
and Ramanujan famously showed the exponential growth p(n) ~ ﬁgezn‘/ﬁ asn — 0o.
For the k-almost consecutive partition functions py,(n) we establish polynomial growth
in n for fixed k as follows.

Proposition 1.2 For k € N, as n — 0o we have that
}’lk
k(kN2'

Pka(n) ~

Remark 3 This proposition corrects and generalizes [18, Theorem 17] which corresponds
to the case k = 1 in our notation (see Example 2).

For small k as a function of #, we also offer formulas for the almost partition functions in
Theorem 1.3 below. For k = 0, using Franklin and Sylvester’s identity between partitions
with consecutive parts and distinct odd parts [13] we have that

Poa(n) = do(n) (1L.1)
for n € N. For k = 1, 2, and 3, we establish the following.

Theorem 1.3 We have that
praln) =n— ’V%(«/l + 8n — 1)—‘ , for n € No;
]

— Z do(n — 2m), for n € Ny;

m=1

() = (14 (=1 L L (-1t
P2l =g 8 16
n3 51> n+/8n — 31

108~ 24 5 + agyun + a1,,v8n — 31 + agy, forintegersn > 7,

pBa(”) =

where aq,, a1, and a,,, are bounded in absolute value by fixed constants independent of
n.
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Remark 4 The bounded terms a;, appearing in the above theorem may be found in the
proof of the result in Section 4. For example, a3, € {%, %}, ayn € (—%, —ﬁ), and
191 25

aon € (—m; @]-

We also establish a recursive formula for the k-almost consecutive partition functions,
in the spirit of Euler’s well-known recursion for the partition function p(n):

o0
pln) =) (1) 'p(n —j(3j £ 1)/2).

j=

—_

Proposition 1.4 Forall k € N, we have for n € N that

o0

Pek-1)a(n) = Z (1Y ™ p(n — k? - j — 1): parts in Tjx),
j=k+1

o
Penan) = Y (1Y p(n — > — k(k + 1) : parts in Eyy),
j=k+1

where the sets T and Ej i are defined in (4.4) and (4.8), respectively.

Playing a key role in establishing the above results is the following proposition, which
we state and prove both combinatorially and analytically in Section 3.

Proposition 1.5 For all integers k € Z \ {0} we have that

qk Wk—lqk(k—l)/2
1—g* (wa; @)k

Pra(w; q) = — Pge—2)a(w; 61)) . (1.2)

In particular, we have that for all integers k > 2, and m, n € Ny,

Pra 1, 1) — pk—2)q(m, 1)

= pra(m, n+ k) — p(n + k : exactly k distinct parts, largest part m + 1).  (1.3)

The above proposition implies the following recursive relationship for the coefficients
Pra in terms of the ordinary partition function.

Corollary 1.6 For all integers k > 2, and n > k(k — 1)/2, we have that

k(k —1)

Praln +K) = pral) = p(n — : parts in (1., k) = pi_2a(n).

Corollary 1.7 We have for n € Ny that

0, nisa triangular number,
P1a(n+1) — pra(n) =
1, otherwise,

Pra(n+2) — paa(n) = L%J — do(n),

2
P3a(n + 3) — p3a(n) = Ln 1—;6J —n+ B(\/l +8n— 1)—|.

28
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Let
S(w;q) = Z w g /2 (1.4)
and
wh n(n+1)/2
sg) =1 . 1.5
(Wi q) =1+ Z rp— (15)

These g-series may also be realized as combinatorial partition generating functions and
possess associated quantum modular properties (loosely speaking) as discussed further
in what follows. Moreover, these series are prominently related to our Py, as explained
below. Towards this, we next establish the following closed form two-variable generating
functions for Py, (w;q) for all k € Z. Here and throughout, for n € Ny U {oo}, the g-
Pochhammer symbol is defined by

n—1
(@q)n =[]0 - ag)
j=0

and also satisfies [16]

(@ 9)—n = (aqg™ "5 q); "

Proposition 1.8 For k € N, we have that

(—l)qu2 n 2n 2 n(n 1)(q q )
Por—1)aw;q) = ——— | S(w; q) + ,  (1.6)
(k=D (9% Z wq,q)Zn_1
k=1 op—1(, —1
_ G ) D
Poks1)awi @) = (@@ k-1 | Swiq) —w™ Y e P (1.7)
= (459°)n
2n —1
q (W ,Q)z
PoaW; q) = (@5 qP)k-1w IZ ”. (1.8)
n=0

Further, for k € No, we have that

(—l)k k(k+1) k W2n—1(_

non2(, 2. 2
S — (Pe(w;q) — 1) + Z 1)"q" (q%59")n—1
n=1

(Wg; q)2n

Poraw;q) = @0

(1.9)

Our last set of main results offers interesting connections between these k-almost con-
secutive generating functions and the mock theta function 1, as well as Cohen’s ¢ *. That
is, we recall Cohen’s companion to o (q) from Ramanujan’s Lost Notebook [6]

* — (_l)qu2
o (@ ::22 (@ 4k

k=1
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which gives rise to a (weight 0) Maass wave form, as well as Ramanujan’s third order mock
theta function (see, e.g., [17])

N\~ 4
@: kz:;(q )k

which is a weight 1/2 mock modular form [1,24].

Proposition 1.9 We have that

> Pornalwia) = 50°(@) - Stw34)

k=1
( l)k k2 ( 1)" 2n2nn1(q,q)n1
, 1.10
+Z GPn = (45 D)oo (110
> (=1 Par—1)aws ) = ¥(q) - S(w; q)
k=1
k _ _
Vel (=1)"w?=2g""=D(g; ¢2),1
, 1.11
Z TG94 Z (Waq; @)2n-1 (L1D)
and
> Pora(wiq) = g~ 29(21) - (Pe(wiq) — 1)
2, (—1ykght+D) K211y (g2 42,
, (112
+k§> @*a ) = (Wg; q)an (112
— _ 1 n(47)
kgo Y Pora(w; q) = g 12 ) - (Pe(w;q) — 1)

k _
gD S w1 (4% 4P
+Y , (1.13)
ol Vit i St (Wa; q)an

n

Exploring potential (nontrivial) mock modular or other consequences of the identities
established in Proposition 1.9 is a problem of interest which we pose to the interested
reader.

The remainder of the paper is structured as follows. In Section 2, we provide some pre-
liminary results and definitions related to quantum modular forms, k-almost consecutive
partitions including generating functions, and g-hypergeometric series. In Section 3 we
prove the combinatorial results Proposition 1.5, Corollaries 1.6 and 1.7, and Proposition
1.2. In Section 4, we prove the g-series results Propositions 1.8, 1.9, and 1.4. In Section 5
we prove the quantum Jacobi result Theorem 1.1, and in Section 6 we prove the combi-
natorial Theorem 1.3. Finally, in Section 7 we provide a proof of a related conjecture of
Xiong and record associated combinatorial interpretations.

Page 7 of 37
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2 Preliminaries

In this section, we provide some preliminary results and definitions. In particular, in
Section 2.1 we discuss quantum modular forms, in Section 2.2 we discuss negative k-
almost consecutive partitions, and in Section 2.3 we discuss g-hypergeometric series.

2.1 Quantum modularity
From [1], we have the following definition, extending Zagier’s original definition of a
quantum modular form (see Section 1) to the Jacobi setting.

Definition 2 A weight k € %Z and index m € %Z quantum Jacobi form is a complex-
valued function ¢ on Q x Q such that for all y = (‘CZ Z) € SLy(Z) and (A, ) € Z x Z, the
functions /1, : Q x (Q\ y l(ic0)) = C and g, ;) : Q@ x Q — C defined by

_ . —2mwimcz? z at+b
hy (2 7) i= $(z57) — &7 ' (¥)(et + d)Ke T (cr Yd ot + d)'

_ ; 2
(@ 7) = Bz T) — &5 (0, W) TGz 4 AT + 1),

satisfy a “suitable”property of continuity or analyticity in a subset of R x R.
Remarks.

(1) The complex numbers £1(y) and ex((A, 1)) satisty |e1(y)| = |ea((X @)l = 1; in
particular, the &1(y ) are such as those appearing in the theory of half-integral weight
modular forms.

(2) We may modify the definition to allow modular transformations on appropriate
subgroups of SLy(Z). We may also restrict the domain to be a suitable subset of
QxQ.

(3) The “suitable”’property of continuity or analyticity required is intentionally left
somewhat vague in order to mimic Zagier’s definition of a quantum modular form
[22].

Like the subject of quantum modular forms, the subject of quantum Jacobi forms continues
to develop; like quantum modular forms, quantum Jacobi forms arise in the diverse areas
of Number Theory, Combinatorics, Topology, and Mathematical Physics. Some known
quantum Jacobi forms to date have been established in [1,11,12] for example. One result
of interest which we make use of is from [12]. To state it, we normalize S(w; ) by defining

52(2; T) = qéw%S(w%; q),

where w = €27, g = ¢>i%, (This is as defined in [12], noting that S(w;¢) here equals
the function 62(w; g) in [12].) The following result is part of [12, Theorem 4.3]. We refer
the reader there for the definitions of the quantum set S, C Q x Q, character v, and
modular theta functions g, ; appearing.

Theorem (F-Pratt-Solomon-Tawfeek [12]) The function 52(z; —1) is a quantum Jacobi
form on Sy of weight 1/2 and index —1/8 with respect to I'g(4) X (47 x 27Z) and with
character . In particular, for z € (—i, 0), T # —}L, we have that

2
~ 1 z ~ z -7
Oa(z; —17) — (4 1) 2 % ;
20z 1) — (T + 1) e<2(4r+1)> 2(4r+1 4r+1>
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1 Oon:g;%,—z(l—i_lt)dt,
2Jo J—=i(l+it+4T)

and the difference in (2.1) extends to a C* function on (R \ (Z + {0, %, :I:%})) x (R\ {—%}).

(2.1)

Another extension of quantum modular forms was defined and studied by Bringmann,
Kaszian, and Milas in [3], namely that of higher depth quantum modular forms. Roughly
speaking, (for a precise and more general definition see [3]) depth 1 quantum modular
forms are ordinary quantum modular forms, while depth 2 quantum modular forms f in
the simplest case satisfy

ax +

—k
F) = (rx+6) f(ny

) € Q(MNOR) + O(R),

where O(R) is the space of real analytic functions defined on R € R, and Q(T") is the space
of weight k quantum modular forms on I" C SL,(Z). Motivated by this, as well as the proof
of Theorem 1.1 which reveals that our combinatorial generating functions Px_1),(w; q)
are products of quantum Jacobi forms, we offer a definition of higher depth quantum
Jacobi forms in Definition 3 below. Formally, our combinatorial generating functions
Pk—1)a(w; q) (modestly normalized) are depth two quantum Jacobi forms; see Example 5.
We emphasize that it is a question of interest to find other, non-decomposable, examples
of higher depth quantum Jacobi and higher depth quantum modular forms, including
those arising from pertinent combinatorial generating functions (see also Remark 1).

Definition 3 blends the notion of higher depth quantum modular forms with that of
quantum Jacobi forms, and naturally extends the definition of higher depth quantum
modular forms from [3].

Definition 3 A functionf: Q x Q — Cis called a quantum Jacobi form of depth N € N,
weight k € %Z, index m € %Z, multipliers €1, €9, and quantum Jacobi set Q € Q x Q for
I'x Gifforall M = (‘C’Z) elTand (A, u) € G,

m'mcz2 b
Flo) — (M) Mt +d) e £ (CT 7 %) ©

N,
B Tpm; (T x G, £, £2) OR?),
J

and

[z 1) — ea(M) LML (2 gt 4 ) € @ T (T % G e1 £2/)O(R?),
J

where j runs through a finite set, «j, m; € %Z,Nj € N, with max;(N;) = N — 1, g
are multipliers, O(R?) is the space of real-analytic functions on R*> C R? which contain
an open subset of R?, Jlgm(l‘ X G, €1, &2) denotes the space of quantum Jacobi forms of
weight k, index m, group I' x G, and multipliers ¢, €9, Jlgm(F X G, ¢e1,62) := 1, and
N/ Ié\[m(l" X G, 1, €2) denotes the space of quantum Jacobi forms of weight k, index m, depth
N, group I' X G, and character .

Example 5 For f € Jkll ml(Fl X G ey éa)on Q1 € QxQ andg € ‘7k12 mz(Fg X
G, €14, £2¢) on Q3 € Q x Q, we have that fg lies in the space ‘7/<21+k2 (' x Gp) N
(Ty x Gy), €1£EL,g £2f82,g) on Q1 N Q.

my—+my
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2.2 k-almost consecutive partitions
In this subsection we establish some basic properties of k-almost consecutive partitions,
including for k < 0. We first establish a closed form generating function.

Lemma 2.1 Forany k € N,

O itk gk E+k+1)/2

q
= wa5 i

Pra(w;q) =

Proof of Lemma 2.1 Fix k € No. Any k-almost consecutive partition can be written as
Ti=d+ A+ A+ A+ Ak

where 1 < A1 < Ay < -+ < Agag, £ > 1, and parts Agyq, ..., Agy¢ are consecutive (i.e.
Mepjr1l — Ak =1 forl <j<¢—1). Letag,ay,...,ar € Ny be defined by A1 := 1+ a;
and for n > 1, Ay41 — Ay = 1 4 ax_,. For a fixed ¢, notice that any k-almost consecutive
partition can be uniquely determined by ag, a1, . . . ag. By the above, we have that

T=04a)+Q+ar+ar_1)+-+k+ax+ar_+---+a1)
+k+1+ar+ar1+---+aog)+ -+ k+L+ax+ a1+ +ao)

k n J4 k
:Z<H+Zﬂk_m+1>+z k‘f‘”‘f’zdm
=1 =1 =1 m=0

k+¢

DR 35 SRS 3) S

n=1 m=0 n=1m=1
k+t

_Zn+EZan+Znan

k+-¢

—Zn+Z£+n

(Z+k)(€2+k+ 1) 2(54'”)

n=0

Using the above notation, the largest part of w equals k + ¢ + ax + ar_1 + - - - + ao.
Thus, we have shown that

Pra(w; q) := Z Zpka(m: mw"q"

k oo
_ Z wk+£q(k+€)(k+z+1)/2 1_[ Z Wanq(£+n)an

=1 n=0a,=0

o
— Z W/<+€q(k+l)(k+l+l)/2(1 + qu + W2q2£ +. )
=1

14 wg ™t 4 w22 ) (L4 wgt e+ w2
w

k€ (k-+0)(k-+0+1)/2

q
= wg5qkn
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O

We now use the result of Lemma 2.1 to define Py, (w; q) for k < 0. That is, for k € —N,
we define Py, and py,(m, n) by

X btk gk (E+k+1)/2

Pra(w; q) =
“ ; (wa’; P

=) > Pralm mw"q". (22)

n=0 m=0

We further define py,(n) for k € —N using (2.2) in the obvious way (as the cofficient of g”
after specializing w = 1). From (2.2) with k = —1 we have that

P_1,(w; q) = S(w; q), (2.3)

also as in (1.7) with k = 1 from Proposition 1.8. This additionally motivates our exami-
nation of the case of negative k. To this end, we establish the following lemma.

Lemma 2.2 For k € —N, we have that

o0 —k-1
Prawiq) =Y w'q" P wg ™ g) ko +w T Y (D )W g5 q) ki
=0 (=1

(2.4)

Before proving this lemma, some remarks are in order.

Remark 5 We explain a combinatorial interpretation of py,(n) (respectively py,(m, n)) for
integers k < 0 in terms of partitions from (2.4) of Lemma 2.2.

To this end, we point out that for integers k < 0, we have that —k — 1 > 0, and for
k < —1,wehave —k — £ —1 > 0for1 < £ < —k — 1. This reveals that (for k < 0)
the two series on the right-hand side of (2.4) may be easily expanded into g-series (with
only non-negative powers of g appearing), and with coefficients admitting a combinatorial
interpretation in terms of partitions. (The second sum on the right-hand side of (2.4) is
empty and thus equal to 0 when k = —1.) That is, after series expanding and equating
coefficients, the series on the right-hand side of (2.4) in Lemma 2.2 may be used to provide
a combinatorial interpretation in terms of partitions of the coefficients py, (m, n) (of w”q")
and py,(n) (of ¢" with w = 1) for k < O (arising from the left-hand side of (2.4)). However,
these combinatorial interpretations are apparently not simple.

Because of this and the fact that the results for pg, or Py, for k < 0 in this paper do
not depend on the combinatorial interpretations of py,(m, n) and py, for k < 0, we leave
it to the interested reader to provide simpler (than as arising from (2.4)) combinatorial
interpretations of py,(m, n) and py,(n) for integers k < O, still beginning with (2.2) so
they remain aligned with their k > 0 counterparts and so results of this paper for k < 0
including Theorem 1.1 still hold. Ideally such a simple combinatorial interpretation would
involve almost consecutive parts as in our definition of py, for integers k > 0 given in
Section 1.

Proof of Lemma 2.2 From (2.2) and standard g-series properties [16] we have that

0 We+kq(l+k)(l+k+1)/2

Pra(wiq) =
¢ = (W%
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0
— Z w2+kq(l+k)(€+k+1)/2(w

ql+k+1;q)—k—1
=1
=) —k—1
= 3 Wi g gy 3 w2k gy
=0 =1
=) —k—1
— Zwlql(l+l)/2(wq[+l;q)ikil + Z Wl+kq(l+k)(l+k+l)/2(w; q)[(Wq_l}q_l)fkfzfl
=0 =1
(o]
_ Z Wl D2t oy
=0
e (ck—t=1)(=k—(=2)
D I A G T B B A W e 5 q)—k—e—1
(=1
=) —k—1
=Y W' T Pwg g o+ w T Y (D )T g @)k
=0 =1

2.3 g-hypergeometric series

Recall the definition of S(w; g) from (1.4). In Lemma 2.3 we establish a g-hypergeometric
expression for this function.

Lemma 2.3 We have that

S(w;q) = i (1" w*q" " (g, 4)n
’ ot (Wg; q)2nt1

Proof To prove this lemma, we first rewrite

i (—1)”w2”q”(”+1)(q; qZ)n _ 1 i (—1)”w2”q"("+1)(q; qZ)n
e (Wa; q)an+1 1—wq = (wq® q*)n(wg? q*)n

Next, we define as in [9]
o0

(aq; Dn
Fla, b t;q) = Z — "
= (b D)

Using [9, (12.2)] with ¢ — g2, a — wg~!, b — w, and t > wgq, we obtain

oo
- (@ 9°)n o e
(1 —wq)F(wq Lw, wq; qz) = (—wq twq)"q n(n+1)/
nZO (qu;qZ)n(qu;qZ)n
= (wg% q*)n(wa? q*)n
— (- wg) i (—1)" w2t (g; 2), 05
o Wq; q)2n+1 ' ’

Now, using [9, (14.4)] with b > w, we find that F(wq 1, w, wq; ¢*) = S(w; q). Combining
this with (2.5) proves the result. O
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Next, recall the definition of P.(w;q) from (1.5). In Lemma 2.4 we establish a g-
hypergeometric expression for this function.

Lemma 2.4 We have that

Pewiq)=1-) -

n=1

1)nw2n—lqn2(q2;q2)n_1

(Wq; 9)2n

Proof We begin similarly to the proof of Lemma 2.3 and rewrite

_i( N T O\ (1)l (g2, g2),
= (W3 q)an = WG (wa% g%
o0 2n m+2n( 2, 2
wq 3 (=D)"w g™ T (g5 q")n

A -wa) 1 —wg) = (wati gD u(wa®; q*)n
wq

= ﬁF(W: qu: wq; qz)’
—wq

where the last line follows from [9, (12.2)]. Using the definition of F(a, b, t; q) we find that
this equals

o0
(wq)" (wq*; q _ 1—wq® "
1— qu Z wq q T 1— qu Z Wq2n+2 wq)

B (14 wil2grtly  y@ntD)/2g2n41

=" Z TS T 12
| w2nt1)/22m41

=" Z W1/2 PEs L 1= wgnt?
n=0

2\n+1

o0
_ W 172 172 . 1/2 (wg*)
- ].—Wl/zqF(W , W q)Wq,q)_W gl_wq2n+2-

Next we use [9, (6.3)] applied to F(w!/2, wl/2q, wq; q) to show that this equals

wq o (wq n+1
_ Z ; w2y’ — wl/? Z
1—- wq (wq q)n wqn+2
— g Z (w1/2 A2 i (qu)"'H
s 1— an+1 1— Wq2n+2
_ i (Wl/Zq)n ~ Z (W1/2q)2n
1 — wg" 1 — wg?"
n=1 n=1
X (wl/2g)2n+1
= wl/? Z A
- 1— Wq2”+1
wn+lq2n+1
= — g 2nt1”
= 1 — wg~"

We further rewrite

n+1 2n+1

i - wq2n+1 Z Z Wn+1 2n+1 2n+1)k

n=0 n=0 k=0

28
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S
|
—

00 00
Wn+1q2n+1(wq2n+l)k + Z Z Wn+lq2n+1(wq2n+l)k
n=0k=n

00 00
Wn+1q2n+1(wq2n+1)k + Z Z Wn+lq2n+1(wq2n+l)k
n=0k=n

M
N

3
Il
=)
=

Me I
Fge e Tvge £
S

>
Il
=]
N
_

[c ol ]
k+n+1q2k}’l+k+2n+1 + Z Z Wn+1q2n+1 (Wq2n+1)k
n=0k=n
[ oo )

(Wq)k+1(wq2k+2)n + Z Z Wl’l+1q2n+1(wq2n+1)k

n=0k=n

(wg2k2yett 4 i w'tlg
s 1— Wq2”+1

>~
Il
=3
3
—

Il
1M
=

3

)k+1 2n+1

(wgq
1— Wq2k+2

(Wq2n+1)n

iy
[=)

0 2k+2 2k +5k+3 o0 2n+1 21 +3n+1

q
1— Wq2k+2

q
1— Wq2n+1

k=0 n=0

S W2k+2q(2k+2)(2k+3)/2 0 wantl

1-— Wq2k+2

q(2n+1)(2n+2)/2

1— Wq2n+1

k=0 n=0
o0 Wn+1q(n+1)(n+2)/2

1 — wg"tl
n=0 9

=P(w;q) — 1.
That is, we have shown that
o0

Pwiq)—1=—-Y)

n=1

(1w 1" (g% ¢®)nn
(Wq; 9)2n

’

which establishes the desired result. O

3 Proofs I: Combinatorial results

In this section, we prove some of our combinatorial results, namely Proposition 1.5,
followed by Corollaries 1.6 and 1.7, and Proposition 1.2. Proposition 1.5 plays a key role
in establishing the latter (and other) results, and thus we prove it first.

3.1 Proof of Proposition 1.5
We present both a g-series proof (k # 0) and a combinatorial proof (k > 2) of Proposition
1.5, beginning with the former.

q-series proof (k # 0): For integers k # 0, using Lemma 2.1 and (2.2), we have that

Wk R (E+k+1)/2

~
q
Pralvi) = 62:; (wa's D
_ i w(3+kq(£+k)(£+k+1)/2(Wq13+k-9—1;q)o<J
= (wg"; q)oo
Doo(1 — wg" ™)

1 & (Wé+kq(l+k)(i+k+l)/2(WqKJrkH;

C1-qf (g’ @)oo
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Wtk

q(€+k)(€+k+1)/2(wq€+k+1; q)ooqk(l _ th’)
Wq"; @)oo
- (W6+kq(l+k)(li+k+l)/2(qu-v—k; Do

I wg"; Poo
Wli+kq(l+k)(11+k+1)/2+k(qu+k+1; D)oo
(wg" L q)o
_ W g (D422 (k1 oy . i Witk R /2 bk gy
1-4¢ (Wa; 9)oo = (wg"; @)oo
i Wkalq(z+k)(£+k71)/2+k(wa+k;q)oo
- ‘.
Pt Wq"; q)oo
_ 1 Wt g (D422 (k1 0y
1—gk (Wg; )0
. i W= GUEHRNEHK=D/24K (1€ 1) (gt +K; g)os
7.
= (wg"; q)oo
_ 1 Wk+1q(k+l)(k+2)/2(qu+l§Q)oo
1—g* Wa; 9) o
- i Wk =1 g (R Ek—D/2 1k (g bk, o
L+1.
= w5 q)oo
_ 1 WhH1 g DEED/2 (k41 oy . wh=Lghl=D/2k (ko
1—g* (Wg; 9)oo (Wg; @)oo
N quk(k+1)/2+k(quﬂ;61)0o
wWa?; q)oo
~ qk i We+k—2q(€+k—2)(€+k—l)/2(wq/d+k—1; oo
P (wg"; q)oo
1 wk=1 gk (k=1)/2+k k41,
= X z g Do (quk“ + (1 — wqb) + wg* (1 - wq))
1—¢q (Wg; )0
—dp .
q" Pg—2aw; q)
_ qk Wk—lqk(k—l)/Z(qu-',-l;q)oO B Pk , (W‘ q)
1—g* (We; @) e (=2t
k k—1_k(k—1)/2
q whoq
= — P—2a(w; q)
1—gk (we; i (k=2

O
Towards establishing our combinatorial proof of (1.3), we let p_;(m, ) be the number
of partitions of # into exactly k distinct parts with a largest part m, and let P—y;(w; q) be
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its associated generating function. Then we have that

k k(k+1)/2
P_qwiq) =Y p—ta(m n)q"w" = v

mnez

wa;
It is not difficult to see that for k > 2, (1.2) is equivalent to
0 Pra(w; @) = Praw; @) = w™'q ™ P_a(w; @) — Py—a(w; )
or equivalently that
Pra(my n+ k) — pra(m, n) = p—ra(m + 1, n + k) — pc—2)a(m, n) 3.1)

which we will next prove combinatorially (in order to establish (1.3)).

Combinatorial proof for k > 2: Let A_y4(m, n) be the set of partitions of n with exactly k
distinct parts and with largest part m. Also, let A” (> 1) and A (" 1) be the subsets
of A_y,(m, n) where the former contains the partitions that do not contain 1 as a part and
the latter contains the partitions that contain 1 as a part. We may obtain a bijection from
A_q(m, n) to the partitions of A”_ M + L n+ k) by adding 1 to each part. Similarly, we
obtain a bijection from A__1)4(m, n) to Alkd(m + 1, n+ k) by adding 1 to each part, and
then adding 1 as a new part. Hence,

P=id(m, 1) + p=x—1ya(m, n) = p—gg(m + 1, n + k). (3.2)

Let piax(m, n) be the number of k-almost consecutive partitions of n that are “exactly’k-
almost consecutive in the sense that the kth smallest and (k + 1)th smallest elements are
non-consecutive, and that have largest part m. Also let Ay, (m, n) be the corresponding
set of such partitions, similarly defining the subsets A;m(m, n) and AZa(m, n) of Ay, (m, n)
(where Ay, (m, n) denotes the set of k-almost consecutive partitions of n with largest part
m) as the sets of partitions that do not contain 1 as a part and do contain 1 as a part
respectively. Mirroring the above statements, we obtain a bijection from Ag,,(m, n) to
A} (m,n + k) by adding 1 to the k smallest parts, and we can obtain a bijection from
A(—1)ax(m, n) to A}(’a(m, n + k) by adding 1 to the k — 1 smallest parts, and then adding 1
as a new part. Hence,

Prax(m, 1) +p(k—1)ﬂx(m: n) = pia(m, n+ k). (3.3)

Now, since the only partitions contained in exactly one of Ay, (m, n) or Ak_1),(m, n) are
those that are “exactly”’k-almost consecutive in the former and those that have exactly k
distinct parts in the latter, we have that py, (1, 1) = pig,(m, 1) +p—1)a(m, 1) —p=ia(m, n).
We use this equation within itself to obtain

Pia (M5 1) = Pras (M, 1) 4Pk~ 1)ax (1, 1)+ P —2)a (M, 1) — P—(k—1)a (M, 1) — p—ia (m1, 1 + k).
(3.4)

Rearranging (3.4), as well as using (3.2) and (3.3), we find
Pra(m, 1) — p—2)a(m, n) = pra(m, n + k) — p—ga(m + 1, n + k)

thus establishing (3.1) and hence (1.3). O
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3.2 Proofs of Corollaries 1.6 and 1.7
Proof of Corollary 1.6 We sum the combinatorial statement of Proposition 1.5 over all m
to obtain

Pkan + k) — pra(n) = p (n + k : exactly k distinct parts) — p—_2)4(#).

Hence it remains to show that

k(k —1)

p (n+ k : exactly k distinct parts) = p(n — 5

: partsin {1, 2, .., k}).

We define p_;(n) to be the number of partitions of # into exactly k distinct parts, and
we define p_i(n) to be the number of partitions of # into exactly k parts. We obtain
a bijection between the partitions of the set A_;(n + k) and the partitions of the set
Ap(n+ k — @) (similarly defined as in the combinatorial proof of Proposition 1.5)
by removing the Ferrers diagram’s upper-left triangle with side lengths of n — 1. For

n> %_1) we then obtain a bijection between the partitions of A_(n + k — @) and

k(k—1)
2

the partitions of A (n — : partsin {1, 2, ..., k}) by, considering the Ferrers diagram,

removing the leftmost column and then conjugating. Hence we have that p_;;(n + k) is
equal to p(n — k(k—1)/2 : partsin{l, 2, .., k}), O

Proof of Corollary 1.7 When k = 1 and w = 1, Proposition 1.5 and (2.3) or (1.7) give that

P14(1;q) = lz_q <ﬁ - S(1; q))‘

Noting that p1,(0) = 0, we have

1
— = S(L;
=4 19)

=@ = DY pud" =Y pagd"" =Y pag” =) (pratn+1) = pra(n)g”.
n=0 n=0 n=0 n=0
(3.5)

Letting T := {n > 0 : n = m(m + 1)/2 for some m > 0} denote the set of nonnegative
triangular numbers and recalling the definition of S(1; g), also using (3.5) we have that

00 . o
Z(pla(n +1) —pru)q” = an _ an(n+1)/2
n=0

n=0 n=0

— Z q” + iq"(”'i‘l)/z _ iqn(n+1)/2 _ Z qn‘

neNo\T n=0 n=0 neNo\T

Equating coefficients, we obtain that for every n > 0,

0, nisa triangular number,
Pla(n+1) — praln) =
1, otherwise,

as claimed for k = 1.

28
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To establish the claimed result for kK = 2, by Corollary 1.6 with k = 2, whenn > 1, we
obtain that

P2a(n+2) — pas(n) = p(n — 1 : parts in {1, 2}) — po,(n).

One can verify that p(n : partsin {1, 2}) = LgJ +1= |_”2in forn > 1. For n > 1 we also
have po,(n) = pc(n) = do(n) (using an identity of Franklin and Sylvester [13]). Therefore,
for n > 1, we must have

n+1
2

P2a(n+2) — pas(n) = \‘ J — dy(n)

as claimed for k = 2. One can check that the desired result also holds when n = 0.
Similarly, by Corollary 1.6 with k = 3, when n > 3, we find that

P3a(n+ 3) — p3,(n) = p(n — 3 : partsin {1, 2, 3}) — p1,(n).

By Theorem 1.3, for n > 1, we have p1,(n) = n — (%(«/1 + 8n — 1)-|. Furthermore, it can
be shown that, when n > 0,

(n+3)2+6J

: tsin {1, 2,3}) =
pln : parts in (1,2, 3)) { =

and hence it follows that for n > 3,

2
P3a(n+3) — p34(n) = V 1;6J —n+ E(«/l +8n — 1)—‘

as claimed. One can check that the desired result also holds when n € {0, 1, 2}. O

3.3 Proof of Proposition 1.2

Proof of Proposition 1.2 We deduce the result for k € {1, 2, 3} from Theorem 1.3 proved
in the next section. Suppose the proposed asymptotic holds for p(_2),(n), for some k > 3.
A well-known result (e.g., see [8]) states that

k—1
pn | partsin {1, 2, ..., k}) ~ 7z

(k—1)

Then using Corollary 1.6 and our inductive supposition, we observe that

k—1

n
Pran + k) — pia(n) ~ m,

implying that with n — kn,

(kn)k—l
1) — ~
pka(k(n +1)) Pka(k”l) Kk —1)!
Hence we have
nl km)k—1 kk-1 kK kklpk

— ( A
pralln) Z:: k-1 k-0 k)2

m=1
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implying that
l’lk
k(k"2

Pia(n) ~

4 Proofs ll: g-series results
In this section, we prove Propositions 1.8, 1.9, and 1.4. The proofs of the latter two
propositions use the former.

4.1 Proofs of Proposition 1.8 and 1.9
Proof of Proposition 1.8 We first prove (1.6).

We proceed inductively, beginning with the expression for P¢_1),. For a base case,
using Proposition 1.5 with k = 1 and using that S(w;q) = P_1,(w; q) ((2.3) or (1.7)), we
have that

Pia(w;q) = &(

— S(wiq) = (Stwi) -

—q )
(@ 9°Nn (wg; g/’

which agrees with the claimed expression for kK = 1. Supposing it holds for some k € N,

1—wq

we have using Proposition 1.5

q q
1 — g%+ \ (Wq; @) k41

2k+1 w2k 2K +k
_q+( 72+

2k+1 2k 2k%+k
((

Pokynawiq) = — Por—1)a(w; q))

T 1— g2\ (g @)
k
+( 1)k+lqk2( W +Z l)n 21— 2qn( )(q;qZ)n_1>
(@ 9%k ’ (W5 @)an—1

( 1)k+lq(k+1) k+1 n 2n 2 n(nfl)(q; q2)n_1
T @ Stwa)+ Z (wg; q) '
397 )k+1 q59)2n-1

and so the desired expression holds for all positive integers k by induction.
Next, to prove (1.9), we begin from Proposition 1.5 with k = 2 and recall that Py, (w; ) =
Pc(w;q) — 1

2 o0 n , n(n+1)/2
q wq wiq
Pys(wiq) = 1_q2 <(1 - )

—wq)(1 — wq?) 1 —wg"

_ T ™
T (g% ) <(PC(W'q) D (wq;q)2>’

and so the claim for Py, (w; q) holds for k = 1. Now, suppose the claim holds for some

n=1

k € N. Observe using Proposition 1.5

g2+2 w2k g (2K 2)(2k+1)/2
Pokyoya = = Pk
Gh2a = 1 pok2 (W3 @) o2 (2K)a

Tl — g%+

L g [ypkgekee
(Wq; @) 2k 42

28
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(=Dtgtty W (1) (g% )
—————— | Pc(w; g E
e (Wg; q)2n

2
_ q(k+2)(k+l)(_1)k W2k+1q(k+1) (_l)k(qZ;qZ)k
(@ q®)k+1 Wa; @)ok+2

ko on1 _qynn2(2. 2
— (Pe(w;q) — 1) — Z w (lm)}qé.lq)iq g )n—l)

k+1 _ 2

q(k+2)(k+1)(_l)k+l » +1  on 1(_1)nqn (qZ;qZ)n71

= 3. 2 rq) — 1) . :
(@ a1 (Wg; q)2n

S
|
]
+
1M
N

This completes the proof of (1.9).
Next we prove (1.7). For k = 1, we have that

2 e T W )2
P_1a(wiq) = Sw;q) = (4970 | Swiq) —w ™' ) @D

n=1

as claimed. Next we suppose the claimed expression for P_j;;(w;¢q) holds for some
k € N, and begin by applying Proposition 1.5 with k — —2k + 1 so that

w2k g(CUAD2K)2 g2l g
Pl lwid) = + Pokt1)a(W; q)
( " (Wa; @) —2k+1 q72k+1 (—2k+1)a

(2k—1)k o1
= 4+ (1- g% ((q;qz)“(S(w;q) w! Z q(;z)cmnl))

w2k (wq; q) gk +1 —

= (9% | Swq) +

_ k-1 _ _

g%k e T T )
XK (g 2, 7 2

w2 (W @) —2k+1(3 4%k = 4:9%)n

= (g:q") | Swiq) + -

_ _ k—1 _ _
q(Zk l)k(wq 2k+2; q)2k71 w71 q2n I(W l;q)anl
w2 (q; 4%k — (@I

ChDK (w3 g~ e R et
— (q;qZ)k S(W,q) + q q 2k—1 w—l q q)2n

w2 (q; 4%k = (@)

1

2n—
_ yq)2n—1
:(q,qz)k W,q)—W IZ%
p— (4:9*)n

as wanted, where we have used the identity

_ _ _ n(n-1)
(a9 l)n =(a l;q)n(_ﬂ)nq 2

to obtain the last line above.
The proof of (1.8) follow similarly by induction using Proposition 1.5, and is omitted

for brevity’s sake. o

Proof of Proposition 1.9 The first identity in the proposition follows by summing (1.6)
over k, noting convergence. The second identity follows similarly by multiplying (1.6)
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by (—1)¥ and summing over k. The third and fourth identities in the proposition follow
similarly using (1.9), along with the well-known identity (see e.g., [16])

00 k2K
ﬁ = (—2¢; @)oo
o DDk
]
4.2 Proof of Proposition 1.4
Proof By Proposition 1.8, we have
ko 1V =2 06— 22Y.
(—1)kg¥ (1w 2"V (gq; ¢*); 1
Pok-1aW; q) = ——— | Swiq) + , (4.1)
(e (@ 4 ; (Wq; q)2j-1
and in Lemma 2.3, we showed that
O (Vw2 AT (e 42Y.
Yw9qg ;
S(W;q)zz( Ywiqd " g a7 4.2)
= (wq; q)2j+1
Using (4.1) and (4.2), we find
2 00 i 02i—2 (=1 (. ,2Y.
(=Df+igh (A U
Pok—1)a(wi q) = 5 =,
@a 5, (Wg; q)2j—1
and hence
(_1)k+1qk2 00 (_1)jqj(j—1)(q;q2)1,_1
Pok-1)a(19) = 5
@ 57, (@ 9)2j—1
S cupmgty
= , . (4.3)
Pt (1 — g7 Y g;:9Pr(g% q%)j-1
Recall that the generating function for partitions with partsin 7', Pr(g), is given by Pr(q) =
[T,er(1 — g")~ L Then, letting
Tjk =11,3,5,.,2k =1} U{2,4,6,.., 2 — 2} U {2/ — 1}, (44)

with the observation that j > k implies that 2j — 1 ¢ {1, 3,5,..., 2k — 1}, and using (4.3),
we find that

o0

. 2 i
j=k+1

Thus,

e¢]

oo e °]
. 2 .
> Pak-valmg” = Y (DTG p(n - parts in Tjxg"
n=0 j=k+1 n=0
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oo o0

. . 2 e
— Z Z(_l)k+]+1p(n : parts in Tj,k)qn+k +i(i—1)
j=k+1 n=0

oo o
= Z Z (=) p(n — k% — j(j — 1) : parts in Tii)q".
j=k+1 n=k2+j(j—1)

Now, if n < k? 4+ j(j — 1), then n — k? — j(j — 1) < 0, so that p(n — k? — j(j — 1)) = 0, hence

o o0 oo
Y pak-namg” = D Y (=D T p(n — k* — G — 1) : parts in Ty)q",
n=0 j=k+1 n=0

and hence

o
Pek-naln) = Y (=1} p(n — k> — j(j — 1) : parts in Tj).
j=k+1

For the other case, recall that by Proposition 1.8, we have

B (— l)qu(k+1)

k21 i 2 (2. 2,
w7l (=1)q" (9% q7)j—1
Poraw;q) = ——5—— | Pe(wiq) — 1) + —1 @5
(% 4%k = (Wa; q)a
and in Lemma 2.4, we showed that
Cooiq 2
Puwiq) — 1= i Vw4 (% 4P (46)
c ’ - - . .
ia (Wa; q)2)
Using (4.5) and (4.6), we find that
Py (wiq) = (—DkF1gkktD) 20 (1w 1g” (g% ¢2)i
a\">4) = 2. 2 e
(@* a*)k Pt (Wq; q)2)
and hence
Pra(liq) = (—1kHghkt) 20 (1) g (g% ¢%)j
2kal\ > ) = 2. 2 )
@5 57, (3 9)
[e%e) : i2
1Ytk k(D)4
= Z ( ); 2q2 N (4.7)
o a7 a% a(g 4%
Then, letting
Ejx = {2,4,6,..,2k} U {(1,3,5,..,2j — 1} U {2j}, (4.8)

with the observation thatj > k implies that 2j ¢ {2, 4, 6, ..., 2k}, and using (4.7), we have

o0

. 2
Poa(liq) = Y (1) Py (g).
j=k+1
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Thus,
o oo ) o
Y pramg” = Y (=1 THGEEEDEEN " b parts in Eji)q”
n=0 j=k+1 n=0
oo o
= Z Z(—l)k+j+1p(n : parts inE,;k)q”"’k(k"’l)'”'2
]=k+1 n=0

o0 o0
= Z Z (—l)kHHp(n — k(k + 1) — 2 : parts in Eiiq".
j=k+1 n=k(k-+1)472

Now, if n < k(k + 1) + j2, then n — k(k + 1) — j2 < 0, so that p(n — k(k + 1) — j2) = 0,

hence,
o o0 o
Y pramg” = Y D ()T p(n — k(k +1) —j : parts in E;x)q",
n=0 j=k+1n=0

and thus

o0
DPoka(n) = Z (1)K p(n — k(k + 1) — j* : parts in Ej).
j=k+1

5 Proofs lll: Quantum Jacobi results

In this section, we prove Theorem 1.1. We first prove the theorem for P(pt_1), with
k € N. To do so, we begin by applying (1.6) from Proposition 1.8. By [12, Theorem
4.3] (see also Section 2.1) we have that 52(2; —1) (where 52(2; T) = q%w%S(w%;q) with
q

w = ¥ %, g = e¥i7) is a quantum Jacobi form on

= {(%, f) e Q% % & arereduced, b | s, s is even, and as/b is even}, (5.1)

withweight 1/2,index —1/8 and character v, , with respect to I'g(4) x (4Z x 2Z). Moreover,
it is shown in [12, Theorem 4.3] that the errors to (Jacobi) modularity of B(z; —7) on Sy
extend to C* functions on (R \ (Z + {0, %, ii})) x (R\ —i}). Here, for k € N we define
the subsets Ty C Sy by

T :={(% %) € Sy: 4bk | s}, (5.2)
as well as the subgroups G; C I'y(4) by

Ge:=({( ) (61)> (7 %)) (5.3)

To show that T} is closed under the Jacobi action of Gy, it suffices to show the added
divisibility condition defining T} is preserved (as closure of Sy under the Jacobi action of
['o(4) follows from [12]). Indeed, we have for (%, f) € Ty that

(59 G =(4%)
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in reduced form, where

A=+ab' /g B=S/g B =g R=+r, S = |4kr + 5|,
and

b :=s/b = 4ku (for some u € Z), g := gcd(S, ab’).

We seek to show that 4Bk | S. Note that g’ := g/(4k) is an integer, because 4k | s and
hence S, and 4k | b'. Moreover, we have that g’ | S. Thus, 4Bk = S/g’ is an integer divisor
of S as wanted.

We proceed similarly for (§ }). Again considering the reduced form of

G- =(%%)

for (%, L) € Ty we have

s

A=2da, B=b R==%(r+s), S=s,

since it is clear that R and S are coprime. Hence the divisibility condition of 4Bk | S is
met. The case of ( _01 _01) is clear.
Next, we pick some (A, u) € (4kZ x 27Z). To check whether membership of T} is

preserved under the corresponding elliptic transformation, we have

a+kr+ r\ _(as+Airb+pubs r\ (AR
b s 'u’s - bs "s) \B'S

with, defining g := gcd(as + Arb + ubs, bs),
A= (as+ b+ ubs)/g B=bs/g R=r1, S=s.

To show 4Bk | S, or 4bsk | sg, it is equivalent to show 4bk | g, which is clear as 4bk
divides bs and each term of of as + Arb + ubs. Hence we have that T} is closed under the
necessary Jacobi transformations.

Let

k _ _
(_l)nw2n 2qn(n 1)(q;q2)n_1

NGV
Fr(w;q) (Wq; q)on—1

(G

n=1

as appearing in (1.6). Given what has been established above, it now suffices to show that
Pk(w%; g YHand (g7} q_z)]:1 (when viewed as a function of (z, T) as above) is defined on
Ty. It is not difficult to show that the latter function is defined on S;. Regarding the former,
it suffices to show that for (%, f) € T, we have that ;;bgs_jr #1foralll <j <2k —1;
equivalently, that ab’/2 — jr £ 0 (mod s) for all 1 <j < 2k — 1. With notation as in [12]
we let ' be an integer such that 7' = —1 (mod s). The above is equivalent to establishing
that forall j,1 <j < 2k — 1, we have j # —ab'r’/2 (mod s); equivalently, j # —2kuar’
(mod 4kub). If such a congruence did hold, it would imply that 2k | j, which is impossible
sincel <j <2k —1.
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The proof (in the case of (2k — 1) with k € N) now follows from the argument above, as
well as Example 5 following our Definition 3, and the fact that rational functions in (w, )
with w = e?7%, g = ¢>'* are holomorphic on their domains in R x R; one can check
directly they satisfy the required Jacobi properties.

The result for (2k — 1) with k € —Nj follows similarly to the argument above in the
case k € N, using (1.7) from Proposition 1.8, Theorem 4.3 from [12] (as in Section 2.1)
and Definition 3. We also remark that Jacobi elliptic transformation properties may be

directly verified. The result for 2k with k € —N follows in a similar manner.

6 Proofs IV: Proof of Theorem 1.3
In this section, we prove Theorem 1.3, beginning with proofs of the results for p;, and po,,
followed by a (longer) proof of the result for p3,, in Sections 6.1, 6.2, and 6.3, respectively.

6.1 Proof of Theorem 1.3 in the case of p14(n).
From Corollary 1.7, we have for all n > 0 that

0, nisa triangular number,
Pra(n+ 1) — p1a(n) =
1, otherwise.

From this, combined with the observation that p;,(0) = 0, it follows that p;,(#n) is the
difference between 7 and the number of nonnegative triangular numbers (including 0)
strictly less than #. In particular, p1,(n) = n— m, where m > 0 is the smallest nonnegative
integer such that m(m +1)/2 > n. We remark that m(m +1)/2 > n if and only if
m? + m — 2n > 0. Furthermore, the roots of the polynomial f (x) = x> 4+ x — 2# are given
byx = %(:I:\/Sn——i—l— 1), sosince f(x) < Owhenx € (%(—M— 1), %(«/Sn——l—l— 1)),
and %(—J&q—ﬂ —-1) <0, %(\/811——}—1 — 1) > 0, it follows that the smallest nonnegative
integer such that m? + m — 2n > 0 is given by m = [%(m - 1)—|. Hence, p1,(n) =
n— [%(x/&’l——i—l -]

6.2 Proof of Theorem 1.3 in the case of pa4(n).

The result for p,(n) is easily checked for n = 0. For integers n > 1, we separately induct
on odd and even #, beginning with the odd case. To this end, we write n = 2k + 1 for
some k € Ny and induct on k. If kK = 0, then p,(2k + 1) = p2,(1) = 0 as claimed in the
statement of the theorem. Now suppose the result holds for some odd n = 2k + 1, k € Ny,

ie.,

k
k(k+1
P22k +1) = % - Z do(2k + 1 — 2m),

m=1
(which agrees with the expression in the theorem after some minor simplifications). From

Corollary 1.7, we have for each n € N that

Pra(n+2) — pra(n) = \‘MTHJ —dy(n),

hence

2k +2

P24(2k 4+ 3) = p2s(2k + 1) + L J —d,(2k +1)
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k
k(k + 1
_ K 2+ )+k—|—1—d0(2k+1)—Zd0(2k+1—2m)
m=1
k+1
K+ 1)k +2
- KD S ook +3 - 2m)
m=1

as wanted.
The proof of the result in the case of even n = 2k k € N, follows similarly. For k = 1,
the result is easily verified. Supposing the result holds for some k € N, i.e,

k-1
— Z dy(2k — 2m)
m=1

k(k —
Pral(2K) = “2 D

(which agrees with the statement in the theorem after some minor simplifications) then

from this and Corollary 1.7,

2k +1
2

P2a(2k +2) = pra(2k) + { J — do(2K)

k-1
= k(kz_ D k- dy(20) - > " do(2k — 2m)

m=1

k
— > do(2k +2— 2m)

m=1

_ (k+ 1Dk
)

as wanted, completing the proof of the result for py,.

6.3 Proof of Theorem 1.3 in the case of p34(n).
The proof of the result for ps,(#n) is comparatively lengthy (considering the above proofs
of the analogous results for py, for k € {1, 2}) and requires several lemmas.

Lemma 6.1 Forn € Ny, m € Ny, and k € N, we have that

m(m+1)
2

P2k—1)a(n : largest part m) = (—l)kp(n — k- : parts in Uy)

k—1 )
+ 2:(—1)“@+1 Zp(n —j—k?— 0+ 1) : m — 2 parts in Ty)p(j : parts in Ske);
£=0 j=0

where Sy = {14+26,3+2¢,..,2k =1}, Ty :={1,2,.., 20 + 1}, and Uy := {1, 3, ..., 2k — 1}.

Proof of Lemma 4.1 Fix k € N. By Proposition 1.8, we have

—1)kgk K o—
Pi—1)a(W; q) = m(S(W; D+ S
(=1

L2t=240=D) (4. 42),_4 )
(@ 9%k (W @)2e—1

2 k-1 2
_ (=1)kgK" S(w; q) (— 1)kl 26 Gk 0(E+D)

(@ a4k = W @)aer1 (@5 4o

Recall that the two-variable generating function for partitions of # with m parts in the
set T, Pr(w; q), is given by Pr(w; q) = [[;c7(1 — wq")~L. Referring to the sets defined in
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the statement of the lemma, note that since 0 < ¢ < k — 1, we have Si; # ¥, Ty # ¥, and
Uy # . Hence,

Pk—1)a(W; ~ kgt (ZW gy /2) 1 (9)

=0
k

—

2
+ (_1)k+l+1 20 _k +Z(Z+I)PT£(

q w; q)PSk_z (61)

)
oo
Zp 1 : parts in Uk)wmq”+k2+m(m+l)/2)

m=0 n=0
k—1 00 00 00
+ Z(—l)l”rHl (Z Z Zp(n : m parts in Ty)
=0 m=0 j=0 n=0

x p(j : parts in S/gg)wm+25q”+1+k2+i(l+l)>

o] o]

_(—1)k<2 Z p(n K — mmﬂ) : parts in L[k)w q)

m=0 n=k2+m(m+l)

k—1 00

e (LY %

£=0 m=2{ j=0 n_]+k2+£ (£+1)

pin—j— k* — (¢ + 1) : m — 2¢ parts in Te)p(j : parts in S](’[)qun).

Observe that n < k2 +m(m + 1)/2 implies that p(n — k% —m(m + 1)/2 : parts in Sy ¢) = 0,
andm < 20orn < j+k>4-£(¢+1) implies that p(n—j—k>—£(£+1) : m — 2L parts in T;) =
0. Hence,

Pok-1)a l)kZZp( m+1 : parts in le) "q"
m=0 n=0

[o ol ol o}

k-1
4 Z(_l)k+l+l Z Z Z
=0

m=0 j=0 n=0

p(n—j—k®—£(€ +1) : m — 2 parts in T¢)p(j : parts in Skew™q".

Equating series coefficients yields the desired result that for all m € Ny and n € Ny, we

have
P(2k—1)a(7 : largest part m) = (—l)kp(n — k- M : parts in L[k)
k—1
+ Z( 1)kteH Zp(n —j— k* —0(¢ 4 1) : m — 2¢ parts in Te)p(j : parts in S ).
£=0 j=0
O
Let
&1(n) == Zp(n - m(m+1) : parts in {1, 3}),
n—4
&(n) = Zp(n — m — 4 : parts in {1, 3}),

m=0
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&3(n) := Z pn—3m — 6: parts in {1, 2, 3}).

m=0

We establish additional lemmas below, which compute &;, &, and &3. In the statement and
proof of Lemma 6.2, we abuse notation and write a = b (mod %) with0 < b < % (and
a, b € R) to define b as a kind of least residue (mod %) for a, that is, b is defined to be
suchthat0 < b < %, and such that there exists an integer m € Z for whicha — b = %m

Lemma 6.2 Letn > 7, n = B (mod 3), —””‘631_1 = ¢ (mod 1), and —””‘631_1 =/

(mod %), where0 < 8 <3,0<c<1l,and0<c < % Then we have that

n/8n — ( 5
aion =" (1) + POZD 2 st gt - s
5¢  ¢B(B—B)
+3 R
where
1542 —33x+14 1
% 0 <c< 3
— —3x2—3x+26 1 2
hix o) =1 =502, 3=c<5
25  5x(3—«x) 2
3@ 3sc<l
—27x% +9x + 2 18x3 — 9x% — 35x + 6
f@) = ——— o and g) = - .

Proof Observe that we can split &; (#) into the three sums,

Zp (n—4— m(3m + 1) : parts in {1,3})

2
+ Zp <n —5— (3m +3) : parts in {1, 3})
+ Z )4 <n -7- (37271 +5 : parts in {1, 3}) . (6.1)

For m = v (mod 3) and m > 0, we note the partition identity

m+3—v

3 (6.2)

p(m : parts in {1, 3}) = Zp(] : parts in {3}) =
j=0

For m eZ,n—éL—w =(m+2) (mod 3),n—5— w = (n+1) (mod 3),
andn—7— w = (n+2) (mod 3).So,letn+1 =v; (mod 3),n+2 = vy (mod 3),
with 0 < vi, vy < 3. Letky = [ Y8131 | gy — | /812318 | o g — | ¥81=B15 | Then
(6.1) with (6.2) gives that

k1 _1_ 3m(3m+1) ko 3m(3m+3)

AOR Panti—" R L —"E—
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ks 3m(3m+5)
n—4 — 2By,
+3 2 2 (6.3)
m=0

ki 2 k2 ks 2
3m m 3m 3m 3m 5m
_mZ=0<T+E> > (T*?) > (T+7>‘ (64)

m=0

After some algebra, (6.3) becomes

1 3
£1(n) =n+ g(/q + ky + k3) — 5(kl3 + K3+ K3 —kF — Ek% — 2k3 (6.5)
(54 2v9) (5+v1) (17 4 2v7) (7 4+ v1 + 210)
— 6 k1 — 3 k2 — 6 /(3 - 3 .

Letc = ¥l fy Then ky = Y3211 ¢y = Y8313 _ (¢ — 1) (mod 1),

and k3 = —V8”_631_5 —(c— %) (mod 1). As such, we can simplify £3(#) in three separate

cases.

First, suppose 0 < ¢ < % Then ky = —VS"_GH —c— % and k3 = —VS”_631_5 —c— %

Rather, we can write ky = —Vsnggl_l—c—l =ki—1land ks = —VS”_631_1—0—1 =k -1

Plugging this in to (6.5) and simplifying gives

n 3 3 (4 +2vy +v7) 1+,
= — +nky — =k} — Sk — ki —
51(”) 3 + nky 5 1 2 1 3 1 3
1+/8n — 31 N (=27¢2 4+ 9¢ + 2 — 2(v; + 2v2))4/8n — 31
9 36
3¢3 3¢2 35¢ 1 clvi+2v v; —4v
35c 1 (11 2) +( 1 2)‘
2 4 12 2 3 18

(6.6)

Similarly, if% <c< %, then we have ky = —”3"_631_3 —c+ % = —V8"_631_1 —c=kjand
k3 = @ —c— % = —V8”_631_1 —c¢— 1=k — 1, so simplifying (6.5) gives

(17 + 4vy + 2v7) (3+v1 +v7)
ki —
6 3
n/8n—31  (=27¢% 4+ 27¢c — 4 — 2(v1 + 21,))4/8n — 31
+
9 36

3¢ 9?2 23c n 4 n c(v1 +2v)  (5v1 +4vy)

2 4 12 3 3 18

2n 3
§10n) = <~ + nky — Eki” — 3k —

(6.7)

Lastly,if% < ¢ < 1, then we have k, = —&”_631_3—0—}—% = —V8"_631_1—c:k1 and

k3 = —”3"_631_5 —c+ % = —V8”_631_1 — ¢ = ky, so simplifying (6.5) gives

3 9 32+ 4 2 7 2
51(”)=n+nk1—§kf—§kf_( + l;z—i— vl)kl_( +v13+ %)

n/8n —31  (—27¢* +45¢ — 16 — 2(v1 + 212))4/8n — 31
+
9 36
3¢ 15¢2 ¢ 5 c(vi4+2vy)  5(v;+2v)

SR 6.8
T PERETRI 3 18 (68)
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Notice that, in (6.6), (6.7), and (6.8), for the terms before the square root,

—27¢% +9c + 2 = —27(c+3)* + 27(c+3) — 4 = —27(c+3)* + 45(c+2) — 16,

and for the constant terms,

18¢® — 9¢* — 35¢ + 6 = 18(c+3)® — 27(c+1)? — 23(c+3) + 16
= 18(c+2)% — 45(c+2)* + (c+2) +20.

So, if we let

—27x2 4+ 9x + 2 18x3 —9x2 —35x + 6

fx): = — 3¢ gx) = B ,
Mgt 0s=c<y
h(n): = {2 1< <2
5(\)1;32\)2)’ % <c< 1,

for c = ¢’ (mod %) with0 < ¢’ < %, we can rewrite (6.6), (6.7), and (6.8) as

El(;q) — % + (f(C/) _ (Vl ‘;82\)2) )m+g(c,) _ h(l’l) i C(l)1 + 2\)2).

3
One can verify that, if » = 8 (mod 3), with 0 < 8 < 3, we have

8n — 31 3 - 5
ain ="y ey POZP 3 et )~ g
S B3 )
+§_ 2 ’

where we abuse notation and redefine /(%) = h(x, %) as

15x2—33x+14

1
36 > 0 S c < §}
_3x2_
hx, c) = | =3 32x+26’ % <c< %,
25 _ 5x(3—x) 2
18 o 3=c¢<Ll

Lemma 6.3 Letn >4, and0 < B < 3withn= B (mod 3). Then

2
aw=%

n  pB—p)
2t T

Proof First, observe that

n—4 n—4
&(n) = Zp(n —m —4:partsin {1, 3}) = Zp(m : parts in {1, 3}).
m=0 m=0

We also have the partition identity (see also (6.2))

p(m : parts in {1, 3}) = Zp(] : parts in {3}).
j=0
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Thus, we may rewrite

n—4 m n—4
&E(n) = Z Zp(] : parts in {3}) = Z(n — 3 — m)p(m : parts in {3}).
m=0 j=0 m=0

This becomes

1252

-1 -1 3|t nd
52(71)=Z(n—3—3m)=n\‘n3 J_S\‘ng J_ LSiLSJ'

m=0

Ifweletn —1=v (mod 3) where 0 < v < 3, then

&(n) =n (”_—1_”> _3 <n -1- v> 3y ()

3 3 2
_n2 n @W+1v-2)
6 2 6 '
Thus,
%—g, n=0 (mod 3)
&(n) = %—§+%, n=1 (mod 3)
%—g—i—%, n=2 (mod 3)
_n n pB-B)
6 2 6

where n = 8 (mod 3),with0 < 8 < 3.

Lemma 6.4 Letn > 6,and0 < B < 3withn= 8 (mod 3). Then

B 2 (1 BB-§) (-1)"
&3(n) = m_ﬂ_’_(ﬁ_—w )”+"(ﬂ)+ T
where
I_Gl’ ,B = O)
rB) =12 B=1
2, B=2

Proof We first note the following partition identity and its inductive successor
p(m : partsin {1,2,3}) = p(m — 3 : parts in {1, 2, 3}) + p(m : parts in {1, 2})

o0
= Zp(m — 3j : partsin {1, 2}).
j=0
Then we have

&3(n) = Zp(n —3m — 6: parts in {1, 2, 3})

m=0

Page310f37 28
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=" pn—3( + m) — 6 : parts in {1,2})

m=0 j=0

Z(m 4+ 1)p(n — 3m — 6 : parts in {1, 2})

m=0

o
= Z(Zm + 1)p(n — 6m — 6 : parts in {1, 2})
m=0
o0

+ Z(Zm + 2)p(n — 6m — 9 : parts in {1, 2}). (6.9)

m=0

Using a partition identity and its inductive successor, with m = v (mod 6),0 < v < 6,
we have that

m—y

6
p(m : parts in {1, 2}) = p(m — 6 : partsin {1,2}) + 3 = p(v : parts in {1, 2}) + Z 3
j=1
m—v

= p(v : parts in {1, 2}) +
(6.10)

Observe thatn —6j —6 =n (mod 6)andn — 6j —9=n—3 (mod 6).If n =« (mod 6)
and n — 3 = p (mod 6), with 0 < @, & < 6, then using (6.9) and (6.10), we have

n—6—a
6
&3(n) = Z @2m + 1)p(n — 6m — 6 : parts in {1, 2})
m=0
n=9-p
6
+ Z (2m + 2)p(m — 6m — 9 : partsin {1, 2})
m=0
n—6—a

o
2m+1) (p(a : parts in {1,2}) 4+ w>

2
m=0
n727M
. n—6m—9—u
+ Z 2m + 2) (p(,u : parts in {1, 2}) + f)
m=0
n—6—a
. n—a n—a\? J 9
= (p((x :partsm{l,Z})+T —3) ( c ) — Z (6m” + 3m)
m=0
n—u—9 n—u—3 n—u—+3
+ [ p(n : partsin {1, 2}) + i e e
2 6 6
n—9—u
6
- Y (6m” +6m). (6.11)
m=0
Using algebra, identity (6.11) becomes
n ‘ ‘ 2
&3(n) = Tos ~ (¢ + p+ 6 —2p(a : parts in {1, 2}) — 2p(u : parts in {1, 2}))5

+ (3 + 6 + a® + 61 + p? — dap(a : parts in {1, 2}) — 4up(u : parts in {1, 2}))%
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+81—18a—9a2—a3+9u—9u2—u3

216
N 6a’p(a : parts in {1, 2}) + 6u2p(u : parts in {1, 2}) — 54p(u : parts in {1, 2})
216 '
Since o determines u, one can verify that
3 2
1"_8_3’_44_1"2, n=0 (mod 6),
3 2 13
He— b — %+ 5> n=1 (mod6),
3 2 4 _
£4(n) = {08 — 51 — 3 T3 n=2 (mod6),
- 3 2
1’6_8_31_44_%_%, n=3 (mod 6),
3 2 5 _
e — s — 2+, n=4 (modo)
3 2 5 _
108 — 51 — 3 T a5gp n=5 (mod6),
3 2 1\
e m ke G n=0 (mod3)
_ 3 53 (=1 _
=\t — 5%+t 5, n=1 (mod3),
3 2 37 =1 =
{05 ~ 24 3 Tam T 1 7=2 (mod3)
3 2 n
n n 1 B(B—-28) (-1
S (LB, G
108 24 \12 TR AR ZRT

where n = 8 (mod 3), with0 < 8 < 3, and

—1 _
E) ﬂ — 0)

rB) =12 B=1
37 _
2, B=2

O

With the above lemmas, we now prove the claimed exact formula for p3,(#) in Theorem
1.3.

Proof of formula for p3,(n) in Theorem 1.3 Using Lemma 6.1 with k = 2, we have

P3a(n : largest part m) = p(n — 4 — @ : parts in {1, 3})
oo
— Zp(n —j —4:mpartsin {1})p(j : partsin {1, 3})
j=0
oo
+ Zp(n —j—6:m—2partsin {1, 2, 3})p(j : parts in {3}).
j=0
. . . L 31j .
Notice that p(j : parts in {3}) = S0 we can write
0, else,

o0
E p(n —j—6:m — 2 partsin {1, 2, 3})p(j : parts in {3})
j=0

o0
= Zp(n —3j—6:m —2partsin {1, 2, 3}).
j=0

28
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Summing over m, we obtain

o o
Zpga(n : largest part m) = Zp(n —4 — w : parts in {1, 3})

m=0 m=0
o) o0

— Z Zp(n —j—4:mpartsin {1})p(j : parts in {1, 3})
m=0 j=0

+ZZp(n—3j—6:m—2partsin{1,2,3}).

m=0 j=0
(6.12)
Now,
. . 1; j =n-— 4 —m,
pn—j—4:mpartsin {1}) =
0, else,
and there exists some j > 0 such that j = n — 4 — mif and only if m < n — 4. Thus,
o0 00 n—4
Z Zp(n —Jj—4 :mpartsin {1})p(j : partsin {1, 3}) = Zp(n —4 — m : partsin {1, 3})
m=0 j=0 m=0
= &(n). (6.13)
Similarly, we also have:
o o o
Z Zp(n —3j—6:m—2partsin{1,2,3}) = Zp(n —3j — 6 partsin {1, 2, 3})
m=0 j=0 j=0
= &3(n). (6.14)
Recall that
o0
Zp(n —4— w : parts in {1, 3}) = & (n). (6.15)
m=0

Using (6.12) with (6.13), (6.14), and (6.15), we have

p3a(n) = &1(n) — &(n) + &3(n).

We combine Lemmas 6.2, 6.3, and 6.4 to obtain for all # > 7, where n = 8 (mod 3),
—VS”_G?H = ¢ (mod 1), and —”3"_631_1 = ¢’ (mod %), with0 <8 <3,0<c¢ < 1,and

0<c <%

3’
P3a(n)
_ n  5n?2  ny8n—31 7 BB-p) N, BB=B) 5
_ﬁ_ﬂJrf“L(E_ 18 >"+<f(c)+ 12 _E>m
rae)—hp o+ + S PEZPCHD B

16 6 3

where f(x), g(x), h(x, ¢), and r(x) are defined as in Lemmas 6.2, 6.3, and 6.4.
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Ifweletag, = g(c) —h(B, c)+r(B)+ g — LEREAN 15 4y, = f(c)+ EGA — 5,
and ay, = % By (igﬂ ), where each are bounded in absolute value by a fixed constant

independent of #, we obtain the desired result that, when n > 7,
3 2
n 5n n/8n — 31
pSa(Vl) 108 E + — 9 + agun + ayuV8n — 31 4+ ag .

In particular, ag, = g(c’) + % + ¢q(c, B), where

144+53'C’ ﬁ:O,ce[O,%),

—im+ 3 B=Lceloy)

—W+ X B=2cecl03)

85 g_o, cell ),

qep)=1-81 42 pg_1ce[}?,

~28 2% g9 cell )

215 g0, celd),

—3 4 X B=1cel3 1),

M L% g3 cell).
After a calculation, it follows that ag, € (_%’ %]' Similarly, we find that a,,
(—3% —132) and azy € {3, 5. ’

7 On a conjecture of Xiong
A function related to some studied in this paper was investigated in [21], namely

S ( 1)n+1 n(n+1)/

a)=3 1_— Z h(n)q
n=1
e.g., compare to our Py, (w; q) (which also equals P (w; q) — 1). We state Conjecture 3.1

from [21].

Conjecture (Conjecture 3.1, [21]) The function h(n) can attain each positive integer
infinitely many times. In particular, we have lim sup h(n) = oo.

We provide a proof of the latter half of [21, Conjecture 3.1], which to our knowledge has
not been recorded previously, and also offer two equivalent combinatorial interpretations,
one related to partitions with consecutive parts, namely to

Peo(n) := p(n: odd number of consecutive parts),
)

Pee(n) ;= p(n: even number of consecutive parts),

and the other to a divisor function

A (n) = Z 1

d\n
del/nj2,/2n)

which counts the number of “middle divisors”of #.

28



28

Page 36 of 37 A. Folsom et al. Res. Number Theory(2026)12:28

Proposition 7.1 We have that

lim sup h(n) = oo.
n— o0

Equivalently, we have that

lim sup(pe,o(n) — pee(n)) = 00;

n—0o0

or

lim sup d,,,(n) = oo.
n— 00

Proof By an argument similar to the one provided above establishing that P, is a generat-
ing function for partitions into consecutive parts, we conclude that (n) = po(n) — pc,e(n).
Further, it is shown in [5] (see also [4,19]) that #(n) = d,,,(n). Thus, we have established the
equivalances stated in the proposition; hence, it suffices to show thatlim sup,,_, . d, (1) =
00. A proof of this fact is established in [20]. O
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