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Abstract

We define the notion of k-almost consecutive partitions, and study associated
combinatorial and modular aspects. We establish quantum Jacobi properties of their
corresponding two-variable partition generating functions. Further, we provide related
asymptotics, formulas, and combinatorial identities, and make connections to
Ramanujan’s third order mock-theta function ψ (q) and Cohen’s σ ∗(q). We conclude by
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1 Introduction and statement of results
Partitions into distinct parts, and distinct consecutive parts, have been studied for cen-
turies by the likes of LeonhardEuler, J.J. Sylvester, andothers.Wepresent a bridge between
these two types of partitions in the formof k-almost consecutive partitions, whichwedefine
to be partitions with strictly greater than k distinct parts, all of which are consecutive with
the possible exception of the k smallest parts. We will interchangeably refer to k-almost
consecutive partitions as having k-almost consecutive parts. For a fixed k ∈ N0, we define

pka(n) := p(n : k-almost consecutive parts),

where p(n) := #{partitions of n} is the ordinary partition function. (In particular, pka(0) =
0.)

Example 1 For k = 0 and n ∈ N, we have that p0a(n) = pc(n), where the consecutive
parts partition function is defined by pc(n) := p(n : consecutive parts). Consequently,
2025, 5 + 4 + 3, and 60 + 59 + 58 + 57 + 56 are all examples of 0-almost consecutive
partitions.

Example 2 For k = 1 and n ∈ N, we have that p1a(n) = pa(n) − 1 in the notation of [18]
whose definition of almost consecutive partitionswe extend (to k > 1). Further discussion
of results from [18] in the context of the results of this paper is given in the sections that
follow; in particular, see Remark 3.
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Example 3 For k = 3, 3-almost consecutive partitions allow a consecutive segment with
up to 3 lesser distinct parts following (if the parts of the partition are arranged in non-
increasing order as usual). The partitions 90 + 54 + 32 + 2, 10 + 9 + 8 + 5 + 4 + 2, and
6 + 5 + 4 + 3 + 2 + 1 are all examples of 3-almost consecutive partitions.

Example 4 For fixed k ≥ 0, all distinct parts partitions with k + 1 parts are k-almost
consecutive.

In what follows, we will more generally study pka(m, n) := pka(n : largest partm), and
its corresponding two-variable generating function

Pka(w; q) :=
∞∑

n=0

∞∑

m=0
pka(m, n)wmqn,

also noting that Pka(1; q) =
∞∑

n=0
pka(n)qn =: Pka(q). We also extend several of our results

(for integers k ≥ 0) to the setting of negative integers k < 0, as found below and further
discussed in Section 2.2.
Our results on k-almost consecutive partitions include connections to the theory of

modular forms, combinatorial identities, exact formulas, asymptotic behaviors, andmore.
Tomotivate the first of these, we recall the generating function for partitions into distinct
parts

Pd(q) =
∞∑

n=0
pd(n)qn =

∞∏

n=1
(1 + qn),

where pd(n) := p(n : distinct parts), which may be realized (up to multiplication by q1/24)
as a modular η-quotient of weight 0 with the usual modular variable q = e2π iτ , with
τ ∈ H := {x + iy ∈ C : x, y ∈ R, y > 0}. That is, q 1

24 Pd(q) = η(2τ )/η(τ ), where η(τ ) :=
q

1
24

∞∏

n=1
(1 − qn) is Dedekind’s weight 1/2 cusp form, satisfying

η(τ + 1) = ζ24η(τ ), η(−1/τ ) = √−iτη(τ )

for all τ ∈ H, with respect to the action of the generators T := ( 1 1
0 1

)
and S = ( 0 −1

1 0
)
of

themodular group SL2(Z).Here and throughout, we let ζN := e2π i/N denote theN th root
of unity (N ∈ N).
Our first set of results realizes k-almost consecutive partition generating functions

within the theory of quantummodular forms. Loosely speaking, quantummodular forms
exhibit modular-like transformations with respect to the action of a suitable subgroup of
SL2(Z); however, the domain of a quantum modular form is not the upper half-plane H,
but rather the set of rationalsQ or an appropriate subset, and the functions transformwith
a “well-behaved”error to modularity on Q. The formal definition of a quantum modular
form was originally introduced by Zagier in [22] as follows:

Definition 1 A weight k ∈ 1
2Z quantum modular form is a complex-valued function f

on Q, such that for all A =
(

α β
γ δ

)
∈ SL2(Z), the functions hA : Q \A−1(i∞) → C defined
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by

hA(x) = hA,f (x) := f (x) − ε−1(A)(γ x + δ)−k f
(

αx + β

γ x + δ

)

satisfy a “suitable”property of continuity or analyticity in a subset of R.

(Here, |ε(A)| = 1 as in the theory of ordinary modular forms.) We point out that this
definition has been slightly modified since its origin to allow for half-integral weights,
subgroups of SL2(Z), etc. (see [2]). Moreover, Zagier has since defined and developed the
notion of a holomorphic quantum modular form [23], which is a holomorphic f : H → C

such that the functions hA are holomorphic on a larger domain than H, such as the slit
plane C \ (−∞, 0]. (See also [14,15].)
Bringmann and the first author later defined the notion of a quantum Jacobi form and

offered the first example in [1], an example which admits a combinatorial interpretation.
Quantum Jacobi forms are a marriage of quantum modular forms with Jacobi forms, the
theory of which was largely developed by Eichler and Zagier in the 1980s [7]. Quantum
Jacobi forms take values in C, are defined in Q × Q (as opposed to C × H in the case of
Jacobi forms) and exhibit Jacobi transformation properties there, up to the addition of
smooth error functions in R × R. For a precise definition, see Section 2.1.
To state our first main result, we use the following notation for slightly normalized

k-almost partition generating functions

Pka(z; τ ) := q
1
8w

1
4 Pka(w

1
2 ; q),

where w = e2π iz , q = e2π iτ are specialized Jacobi variables. In what follows, we also
occasionally abuse notation and write Pka(z; τ ) in place of Pka(w; q) with this same Jacobi
change of variables for convenience as needed. We note again that Pka for k < 0 is
discussed in Section 2.2.

Theorem 1.1 For odd integers 2k − 1 (with k ∈ Z), we have that the almost consecutive
parts partition generating functions

P(2k−1)a(z;−τ )

are depth two quantum Jacobi forms of weight 1/2, index−1/8, with respect to Gk �(4kZ×
2Z), (modular Jacobi) multiplier ψγ , and with quantum Jacobi sets Tk for k ∈ N, and S2
for k ∈ −N0.

Moreover, for negative even integers2k (with k ∈ −N),wehave that thealmost consecutive
parts partition generating functions P(2k)a(z; τ ) are (depth one) quantum Jacobi forms of
weight and index 0, trivial (modular Jacobi) multiplier, with respect to SL2(Z) � (Z × Z),
and with quantum Jacobi sets Q × Q.

The subsets S2 and Tk of Q
2 are defined in (5.1) and (5.2) respectively, the modular

subgroups Gk are defined in (5.3), and the multiplier ψγ is as defined in [12] (see also
Section 2.1). The C∞ nature of the errors to (Jacobi) modularity of P(2k−1)a(z;−τ ) is
described in more detail in the proof of Theorem 1.1.
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Remark 1 Motivated by Theorem 1.1 and work of Bringmann, Kaszian, and Milas [3]
which defines the notion of higher depth quantummodular forms, we offer a definition of
higher depth quantum Jacobi forms in Definition 3, blending the notion of higher depth
quantum modular forms with that of quantum Jacobi forms. Formally, as stated above,
our combinatorial generating functions P(2k−1)a(w; q) (modestly normalized) are what we
define to be depth two quantum Jacobi forms, as the proof of Theorem 1.1 reveals that
they are products of quantum Jacobi forms (see Example 5). We emphasize that it is a
question of interest to find other, non-decomposable, examples of higher depth quantum
Jacobi and higher depth quantum modular forms, including those arising from pertinent
combinatorial generating functions.

Remark 2 We refer the interested reader to [10] for quantum and analytic properties
associated to the functions P(2k)a for k ∈ N0, owing to the fact that p0a(n) = do(n), where
do(n) := #{odd (positive) divisors of n} (see (1.1)), along with (1.9) of Proposition 1.8, also
using that pc(n) = do(n) (for n ∈ N) after an identity of Franklin and Sylvester [13].

In addition to understanding anypotentialmodularity of combinatorial generating func-
tions as discussed above, it is also a question of interest to understand the asymptotic
growth of their coefficients. In the case of the partition function p(n) for example, Hardy
and Ramanujan famously showed the exponential growth p(n) ∼ 1

4n
√
3
e2π

√
n/6 as n → ∞.

For the k-almost consecutive partition functions pka(n) we establish polynomial growth
in n for fixed k as follows.

Proposition 1.2 For k ∈ N, as n → ∞ we have that

pka(n) ∼ nk

k(k !)2
.

Remark 3 This proposition corrects and generalizes [18, Theorem17]which corresponds
to the case k = 1 in our notation (see Example 2).

For small k as a function of n, we also offer formulas for the almost partition functions in
Theorem 1.3 below. For k = 0, using Franklin and Sylvester’s identity between partitions
with consecutive parts and distinct odd parts [13] we have that

p0a(n) = do(n) (1.1)

for n ∈ N. For k = 1, 2, and 3, we establish the following.

Theorem 1.3 We have that

p1a(n) = n −
⌈
1
2 (

√
1 + 8n − 1)

⌉
, for n ∈ N0;

p2a(n) = n2

8
−
(
1 + (−1)n

8

)
n − 1 + (−1)n+1

16
−

⌊
n−1
2

⌋

∑

m=1
do(n − 2m), for n ∈ N0;

p3a(n) = n3

108
− 5n2

24
+ n

√
8n − 31
9

+ a2,nn + a1,n
√
8n − 31 + a0,n, for integers n ≥ 7,

where a0,n, a1,n and a2,n are bounded in absolute value by fixed constants independent of
n.
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Remark 4 The bounded terms aj,n appearing in the above theorem may be found in the
proof of the result in Section 4. For example, a2,n ∈ { 1736 , 7

12 }, a1,n ∈ (− 2
9 ,− 5

144 ), and
a0,n ∈ (− 191

216 ,
25
54 ].

We also establish a recursive formula for the k-almost consecutive partition functions,
in the spirit of Euler’s well-known recursion for the partition function p(n):

p(n) =
∞∑

j=1
(−1)j+1p(n − j(3j ± 1)/2).

Proposition 1.4 For all k ∈ N, we have for n ∈ N that

p(2k−1)a(n) =
∞∑

j=k+1
(−1)j+k+1p(n − k2 − j(j − 1) : parts in Tj,k ),

p(2k)a(n) =
∞∑

j=k+1
(−1)j+k+1p(n − j2 − k(k + 1) : parts in Ej,k ),

where the sets Tj,k and Ej,k are defined in (4.4) and (4.8), respectively.

Playing a key role in establishing the above results is the following proposition, which
we state and prove both combinatorially and analytically in Section 3.

Proposition 1.5 For all integers k ∈ Z \ {0} we have that

Pka(w; q) = qk

1 − qk

(
wk−1qk(k−1)/2

(wq; q)k
− P(k−2)a(w; q)

)
. (1.2)

In particular, we have that for all integers k ≥ 2, and m, n ∈ N0,

pka(m, n) − p(k−2)a(m, n)

= pka(m, n + k) − p(n + k : exactly k distinct parts, largest part m + 1). (1.3)

The above proposition implies the following recursive relationship for the coefficients
pka in terms of the ordinary partition function.

Corollary 1.6 For all integers k ≥ 2, and n ≥ k(k − 1)/2, we have that

pka(n + k) − pka(n) = p
(
n − k(k − 1)

2
: parts in {1, ..., k}

)
− p(k−2)a(n).

Corollary 1.7 We have for n ∈ N0 that

p1a(n + 1) − p1a(n) =
⎧
⎨

⎩
0, n is a triangular number,

1, otherwise,

p2a(n + 2) − p2a(n) = ⌊n+1
2
⌋ − do(n),

p3a(n + 3) − p3a(n) =
⌊
n2 + 6
12

⌋
− n +

⌈
1
2 (

√
1 + 8n − 1)

⌉
.
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Let

S(w; q) :=
∞∑

m=0
wmqm(m+1)/2, (1.4)

and

Pc(w; q) := 1 +
∞∑

n=1

wnqn(n+1)/2

1 − wqn
. (1.5)

These q-series may also be realized as combinatorial partition generating functions and
possess associated quantum modular properties (loosely speaking) as discussed further
in what follows. Moreover, these series are prominently related to our Pka as explained
below. Towards this, we next establish the following closed form two-variable generating
functions for Pka(w; q) for all k ∈ Z. Here and throughout, for n ∈ N0 ∪ {∞}, the q-
Pochhammer symbol is defined by

(a; q)n :=
n−1∏

j=0
(1 − aqj)

and also satisfies [16]

(a; q)−n = (aq−n; q)−1
n .

Proposition 1.8 For k ∈ N, we have that

P(2k−1)a(w; q) = (−1)kqk2

(q; q2)k

⎛

⎝S(w; q) +
k∑

n=1

(−1)nw2n−2qn(n−1)(q; q2)n−1
(wq; q)2n−1

⎞

⎠ , (1.6)

P(−2k+1)a(w; q) = (q; q2)k−1

⎛

⎝S(w; q) − w−1
k−1∑

n=1

q2n−1(w−1; q)2n−1
(q; q2)n

⎞

⎠ , (1.7)

P(−2k)a(w; q) = (q2; q2)k−1w−1
k−1∑

n=0

q2n(w−1; q)2n
(q2; q2)n

. (1.8)

Further, for k ∈ N0, we have that

P(2k)a(w; q) = (−1)kqk(k+1)

(q2; q2)k

⎛

⎝(Pc(w; q) − 1) +
k∑

n=1

w2n−1(−1)nqn2 (q2; q2)n−1
(wq; q)2n

⎞

⎠ .

(1.9)

Our last set of main results offers interesting connections between these k-almost con-
secutive generating functions and the mock theta function ψ , as well as Cohen’s σ ∗. That
is, we recall Cohen’s companion to σ (q) from Ramanujan’s Lost Notebook [6]

σ ∗(q) := 2
∞∑

k=1

(−1)kqk2

(q; q2)k
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which gives rise to a (weight 0)Maass wave form, as well as Ramanujan’s third order mock
theta function (see, e.g., [17])

ψ(q) :=
∞∑

k=1

qk2

(q; q2)k

which is a weight 1/2 mock modular form [1,24].

Proposition 1.9 We have that

∞∑

k=1
P(2k−1)a(w; q) = 1

2
σ ∗(q) · S(w; q)

+
∞∑

k=1

(−1)kqk2

(q; q2)k

k∑

n=1

(−1)nw2n−2qn(n−1)(q; q2)n−1
(wq; q)2n−1

, (1.10)

∞∑

k=1
(−1)kP(2k−1)a(w; q) = ψ(q) · S(w; q)

+
∞∑

k=1

qk2

(q; q2)k

k∑

n=1

(−1)nw2n−2qn(n−1)(q; q2)n−1
(wq; q)2n−1

, (1.11)

and

∞∑

k=0
P2ka(w; q) = q− 1

12 η(2τ ) · (Pc(w; q) − 1)

+
∞∑

k=0

(−1)kqk(k+1)

(q2; q2)k

k∑

n=1

w2n−1(−1)nqn2 (q2; q2)n−1
(wq; q)2n

, (1.12)

∞∑

k=0
(−1)kP2ka(w; q) = q− 1

12
η(4τ )
η(2τ )

· (Pc(w; q) − 1)

+
∞∑

k=0

qk(k+1)

(q2; q2)k

k∑

n=1

w2n−1(−1)nqn2 (q2; q2)n−1
(wq; q)2n

. (1.13)

Exploring potential (nontrivial) mock modular or other consequences of the identities
established in Proposition 1.9 is a problem of interest which we pose to the interested
reader.
The remainder of the paper is structured as follows. In Section 2, we provide some pre-

liminary results and definitions related to quantummodular forms, k-almost consecutive
partitions including generating functions, and q-hypergeometric series. In Section 3 we
prove the combinatorial results Proposition 1.5, Corollaries 1.6 and 1.7, and Proposition
1.2. In Section 4, we prove the q-series results Propositions 1.8, 1.9, and 1.4. In Section 5
we prove the quantum Jacobi result Theorem 1.1, and in Section 6 we prove the combi-
natorial Theorem 1.3. Finally, in Section 7 we provide a proof of a related conjecture of
Xiong and record associated combinatorial interpretations.
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2 Preliminaries
In this section, we provide some preliminary results and definitions. In particular, in
Section 2.1 we discuss quantum modular forms, in Section 2.2 we discuss negative k-
almost consecutive partitions, and in Section 2.3 we discuss q-hypergeometric series.

2.1 Quantummodularity

From [1], we have the following definition, extending Zagier’s original definition of a
quantum modular form (see Section 1) to the Jacobi setting.

Definition 2 A weight k ∈ 1
2Z and index m ∈ 1

2Z quantum Jacobi form is a complex-
valued function φ on Q × Q such that for all γ = ( a b

c d
) ∈ SL2(Z) and (λ,μ) ∈ Z × Z, the

functions hγ : Q × (Q \ γ −1(i∞)) → C and g(λ,μ) : Q × Q → C defined by

hγ (z; τ ) := φ(z; τ ) − ε−1
1 (γ )(cτ + d)−ke

−2π imcz2
cτ+d φ

(
z

cτ + d
;
aτ + b
cτ + d

)
,

g(λ,μ)(z; τ ) := φ(z; τ ) − ε−1
2 ((λ,μ))e2π im(λ2τ+2λz)φ(z + λτ + μ; τ ),

satisfy a “suitable”property of continuity or analyticity in a subset of R × R.

Remarks.

(1) The complex numbers ε1(γ ) and ε2((λ,μ)) satisfy |ε1(γ )| = |ε2((λ,μ))| = 1; in
particular, the ε1(γ ) are such as those appearing in the theory of half-integral weight
modular forms.

(2) We may modify the definition to allow modular transformations on appropriate
subgroups of SL2(Z). We may also restrict the domain to be a suitable subset of
Q × Q.

(3) The “suitable”property of continuity or analyticity required is intentionally left
somewhat vague in order to mimic Zagier’s definition of a quantum modular form
[22].

Like the subject of quantummodular forms, the subject of quantumJacobi formscontinues
to develop; like quantum modular forms, quantum Jacobi forms arise in the diverse areas
of Number Theory, Combinatorics, Topology, and Mathematical Physics. Some known
quantum Jacobi forms to date have been established in [1,11,12] for example. One result
of interest which wemake use of is from [12]. To state it, we normalize S(w; q) by defining

θ̃2(z; τ ) := q
1
8w

1
4 S(w

1
2 ; q),

where w = e2π iz , q = e2π iτ . (This is as defined in [12], noting that S(w; q) here equals
the function θ2(w; q) in [12].) The following result is part of [12, Theorem 4.3]. We refer
the reader there for the definitions of the quantum set S2 ⊂ Q × Q, character ψγ , and
modular theta functions ga,b appearing.

Theorem (F-Pratt-Solomon-Tawfeek [12]) The function θ̃2(z;−τ ) is a quantum Jacobi
form on S2 of weight 1/2 and index −1/8 with respect to �0(4) � (4Z × 2Z) and with
character ψγ . In particular, for z ∈ (− 1

4 , 0), τ �= − 1
4 , we have that

θ̃2(z;−τ ) − (4τ + 1)−
1
2 e

(
z2

2(4τ + 1)

)
θ̃2

(
z

4τ + 1
;

−τ

4τ + 1

)
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= −1
2

∫ ∞

0

∑
± g∓ 1

4 ,−z (1 + it)
√−i (1 + it + 4τ )

dt, (2.1)

and the difference in (2.1) extends to a C∞ function on (R \ (Z + {0, 12 ,± 1
4 }))× (R \ {− 1

4 }).
Another extension of quantum modular forms was defined and studied by Bringmann,

Kaszian, and Milas in [3], namely that of higher depth quantum modular forms. Roughly
speaking, (for a precise and more general definition see [3]) depth 1 quantum modular
forms are ordinary quantum modular forms, while depth 2 quantum modular forms f in
the simplest case satisfy

f (x) − (γ x + δ)−k f
(

αx + β

γ x + δ

)
∈ Qk (�)O(R) + O(R),

whereO(R) is the space of real analytic functions defined onR ⊆ R, andQk (�) is the space
of weight k quantummodular forms on� ⊆ SL2(Z).Motivated by this, as well as the proof
of Theorem 1.1 which reveals that our combinatorial generating functions P(2k−1)a(w; q)
are products of quantum Jacobi forms, we offer a definition of higher depth quantum
Jacobi forms in Definition 3 below. Formally, our combinatorial generating functions
P(2k−1)a(w; q) (modestly normalized) are depth two quantum Jacobi forms; see Example 5.
We emphasize that it is a question of interest to find other, non-decomposable, examples
of higher depth quantum Jacobi and higher depth quantum modular forms, including
those arising from pertinent combinatorial generating functions (see also Remark 1).
Definition 3 blends the notion of higher depth quantum modular forms with that of

quantum Jacobi forms, and naturally extends the definition of higher depth quantum
modular forms from [3].

Definition 3 A function f : Q × Q → C is called a quantum Jacobi form of depth N ∈ N,
weight k ∈ 1

2Z, index m ∈ 1
2Z, multipliers ε1, ε2, and quantum Jacobi set Q ⊆ Q × Q for

� � G if for allM = ( a b
c d

) ∈ � and (λ,μ) ∈ G,

f (z, τ ) − ε1(M)−1(cτ + d)−ke−
2π imcz2
cτ+d f

(
z

cτ + d
,
aτ + b
cτ + d

)
∈

⊕

j
J Nj

κj ,mj (� � G, ε1,j , ε2,j)O(R2),

and

f (z, τ ) − ε2(M)−1e2π im(λ2τ+2λz)f (z + λτ + μ; τ ) ∈
⊕

j
J Nj

κj ,mj (� � G, ε1,j , ε2,j)O(R2),

where j runs through a finite set, κj , mj ∈ 1
2Z, Nj ∈ N, with maxj(Nj) = N − 1, ε�,j

are multipliers, O(R2) is the space of real-analytic functions on R2 ⊆ R
2 which contain

an open subset of R
2, J 1

k,m(� � G, ε1, ε2) denotes the space of quantum Jacobi forms of
weight k , index m, group � � G, and multipliers ε1, ε2, J 0

k,m(� � G, ε1, ε2) := 1, and
J N
k,m(� �G, ε1, ε2) denotes the space of quantum Jacobi forms of weight k , indexm, depth

N , group � � G, and character χ .

Example 5 For f ∈ J 1
k1 ,m1

(�1 � G1, ε1,f , ε2,f ) on Q1 ⊆ Q × Q, and g ∈ J 1
k2 ,m2

(�2 �

G2, ε1,g , ε2,g ) onQ2 ⊆ Q × Q, we have that fg lies in the space J 2
k1+k2 ,m1+m2

((�1 � G1) ∩
(�2 � G2), ε1,f ε1,g , ε2,f ε2,g ) onQ1 ∩ Q2.



   28 Page 10 of 37 A. Folsom et al. Res. Number Theory          (2026) 12:28 

2.2 k-almost consecutive partitions

In this subsection we establish some basic properties of k-almost consecutive partitions,
including for k < 0. We first establish a closed form generating function.

Lemma 2.1 For any k ∈ N0,

Pka(w; q) =
∞∑

�=1

w�+kq(�+k)(�+k+1)/2

(wq�; q)k+1
.

Proof of Lemma 2.1 Fix k ∈ N0. Any k-almost consecutive partition can be written as

π := λ1 + λ2 + · · · + λk + λk+1 + · · · + λk+�

where 1 ≤ λ1 < λ2 < · · · < λk+�, � ≥ 1, and parts λk+1, . . . , λk+� are consecutive (i.e.
λk+j+1 − λk+j = 1 for 1 ≤ j ≤ � − 1). Let a0, a1, . . . , ak ∈ N0 be defined by λ1 := 1 + ak
and for n ≥ 1, λn+1 − λn = 1 + ak−n. For a fixed �, notice that any k-almost consecutive
partition can be uniquely determined by a0, a1, . . . ak . By the above, we have that

π = (1 + ak ) + (2 + ak + ak−1) + · · · + (k + ak + ak−1 + · · · + a1)

+ (k + 1 + ak + ak−1 + · · · + a0) + · · · + (k + � + ak + ak−1 + · · · + a0)

=
k∑

n=1

(
n +

n∑

m=1
ak−m+1

)
+

�∑

n=1

⎛

⎝k + n +
k∑

m=0
am

⎞

⎠

=
k+�∑

n=1
n +

�∑

n=1

k∑

m=0
am +

k∑

n=1

n∑

m=1
ak−m+1

=
k+�∑

n=1
n + �

k∑

n=0
an +

k∑

n=0
nan

=
k+�∑

n=1
n +

k∑

n=0
(� + n)an

= (� + k)(� + k + 1)
2

+
k∑

n=0
(� + n)an.

Using the above notation, the largest part of π equals k + � + ak + ak−1 + · · · + a0.
Thus, we have shown that

Pka(w; q) :=
∞∑

n=0

∞∑

m=0
pka(m, n)wmqn

=
∞∑

�=1
wk+�q(k+�)(k+�+1)/2

k∏

n=0

∞∑

an=0
wanq(�+n)an

=
∞∑

�=1
wk+�q(k+�)(k+�+1)/2(1 + wq� + w2q2� + · · ·) ·

(1 + wq1+� + w2q2+2� + · · ·) · · · (1 + wqk+� + w2q2k+2� + · · ·)

=
∞∑

�=1

wk+�q(k+�)(k+�+1)/2

(wq�; q)k+1
.
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��
We now use the result of Lemma 2.1 to define Pka(w; q) for k < 0. That is, for k ∈ −N,

we define Pka and pka(m, n) by

Pka(w; q) :=
∞∑

�=1

w�+kq(�+k)(�+k+1)/2

(wq�; q)k+1
=:

∞∑

n=0

∞∑

m=0
pka(m, n)wmqn. (2.2)

We further define pka(n) for k ∈ −N using (2.2) in the obvious way (as the cofficient of qn

after specializing w = 1). From (2.2) with k = −1 we have that

P−1a(w; q) = S(w; q), (2.3)

also as in (1.7) with k = 1 from Proposition 1.8. This additionally motivates our exami-
nation of the case of negative k . To this end, we establish the following lemma.

Lemma 2.2 For k ∈ −N, we have that

Pka(w; q) =
∞∑

�=0
w�q�(�+1)/2(wq�+1; q)−k−1 + w−1

−k−1∑

�=1
(−1)�+k+1(w; q)�(w−1q; q)−k−�−1.

(2.4)

Before proving this lemma, some remarks are in order.

Remark 5 We explain a combinatorial interpretation of pka(n) (respectively pka(m, n)) for
integers k < 0 in terms of partitions from (2.4) of Lemma 2.2.
To this end, we point out that for integers k < 0, we have that −k − 1 ≥ 0, and for

k < −1, we have −k − � − 1 ≥ 0 for 1 ≤ � ≤ −k − 1. This reveals that (for k < 0)
the two series on the right-hand side of (2.4) may be easily expanded into q-series (with
only non-negative powers of q appearing), andwith coefficients admitting a combinatorial
interpretation in terms of partitions. (The second sum on the right-hand side of (2.4) is
empty and thus equal to 0 when k = −1.) That is, after series expanding and equating
coefficients, the series on the right-hand side of (2.4) in Lemma 2.2may be used to provide
a combinatorial interpretation in terms of partitions of the coefficients pka(m, n) (ofwmqn)
and pka(n) (of qn withw = 1) for k < 0 (arising from the left-hand side of (2.4)). However,
these combinatorial interpretations are apparently not simple.
Because of this and the fact that the results for pka or Pka for k < 0 in this paper do

not depend on the combinatorial interpretations of pka(m, n) and pka for k < 0, we leave
it to the interested reader to provide simpler (than as arising from (2.4)) combinatorial
interpretations of pka(m, n) and pka(n) for integers k < 0, still beginning with (2.2) so
they remain aligned with their k ≥ 0 counterparts and so results of this paper for k < 0
including Theorem 1.1 still hold. Ideally such a simple combinatorial interpretationwould
involve almost consecutive parts as in our definition of pka for integers k ≥ 0 given in
Section 1.

Proof of Lemma 2.2 From (2.2) and standard q-series properties [16] we have that

Pka(w; q) =
∞∑

�=1

w�+kq(�+k)(�+k+1)/2

(wq�; q)k+1
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=
∞∑

�=1
w�+kq(�+k)(�+k+1)/2(wq�+k+1; q)−k−1

=
∞∑

�=0
w�q�(�+1)/2(wq�+1; q)−k−1 +

−k−1∑

�=1
w�+kq(�+k)(�+k+1)/2(wq�+k+1; q)−k−1

=
∞∑

�=0
w�q�(�+1)/2(wq�+1; q)−k−1 +

−k−1∑

�=1
w�+kq(�+k)(�+k+1)/2(w; q)�(wq−1; q−1)−k−�−1

=
∞∑

�=0
w�q�(�+1)/2(wq�+1; q)−k−1

+
−k−1∑

�=1
w�+kq(�+k)(�+k+1)/2(−wq−1)−k−�−1q− (−k−�−1)(−k−�−2)

2 (w; q)�(w−1q; q)−k−�−1

=
∞∑

�=0
w�q�(�+1)/2(wq�+1; q)−k−1 + w−1

−k−1∑

�=1
(−1)�+k+1(w; q)�(w−1q; q)−k−�−1.

��

2.3 q-hypergeometric series

Recall the definition of S(w; q) from (1.4). In Lemma 2.3 we establish a q-hypergeometric
expression for this function.

Lemma 2.3 We have that

S(w; q) =
∞∑

n=0

(−1)nw2nqn(n+1)(q; q2)n
(wq; q)2n+1

.

Proof To prove this lemma, we first rewrite

∞∑

n=0

(−1)nw2nqn(n+1)(q; q2)n
(wq; q)2n+1

= 1
1 − wq

∞∑

n=0

(−1)nw2nqn(n+1)(q; q2)n
(wq3; q2)n(wq2; q2)n

.

Next, we define as in [9]

F (a, b, t; q) =
∞∑

n=0

(aq; q)n
(bq; q)n

tn.

Using [9, (12.2)] with q �→ q2, a �→ wq−1, b �→ w, and t �→ wq, we obtain

(1 − wq)F (wq−1, w, wq; q2) =
∞∑

n=0

(q; q2)n
(wq2; q2)n(wq3; q2)n

(−wq−1wq)nq2n(n+1)/2

=
∞∑

n=0

(−1)nw2nqn(n+1)(q; q2)n
(wq3; q2)n(wq2; q2)n

= (1 − wq)
∞∑

n=0

(−1)nw2nqn(n+1)(q; q2)n
(wq; q)2n+1

. (2.5)

Now, using [9, (14.4)]withb �→ w, we find thatF (wq−1, w, wq; q2) = S(w; q). Combining
this with (2.5) proves the result. ��
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Next, recall the definition of Pc(w; q) from (1.5). In Lemma 2.4 we establish a q-
hypergeometric expression for this function.

Lemma 2.4 We have that

Pc(w; q) = 1 −
∞∑

n=1

(−1)nw2n−1qn2 (q2; q2)n−1
(wq; q)2n

.

Proof We begin similarly to the proof of Lemma 2.3 and rewrite

−
∞∑

n=1

(−1)nw2n−1qn2 (q2; q2)n−1
(wq; q)2n

= −
∞∑

n=0

(−1)n+1w2n+1q(n+1)2 (q2; q2)n
(wq; q2)n+1(wq2; q2)n+1

= wq
(1 − wq)(1 − wq2)

∞∑

n=0

(−1)nw2nqn2+2n(q2; q2)n
(wq4; q2)n(wq3; q2)n

= wq
1 − wq2

F (w,wq2, wq; q2),

where the last line follows from [9, (12.2)]. Using the definition of F (a, b, t; q) we find that
this equals

wq
1 − wq2

∞∑

n=0

(wq)n(wq2; q2)n
(wq4; q2)n

= wq
1 − wq2

∞∑

n=0

1 − wq2

1 − wq2n+2 (wq)
n

= wq
∞∑

n=0

⎛

⎝ (wq)n(1 + w1/2qn+1)
1 − wq2n+2 − w(2n+1)/2q2n+1

1 − wq2n+2

⎞

⎠

= wq
∞∑

n=0

(wq)n

1 − w1/2qn+1 − wq
∞∑

n=0

w(2n+1)/2q2n+1

1 − wq2n+2

= wq
1 − w1/2q

F (w1/2, w1/2q, wq; q) − w1/2
∞∑

n=0

(wq2)n+1

1 − wq2n+2 .

Next we use [9, (6.3)] applied to F (w1/2, w1/2q, wq; q) to show that this equals

= wq
1 − wq

∞∑

n=0

(wq; q)n
(wq2; q)n

(w1/2q)n − w1/2
∞∑

n=0

(wq2)n+1

1 − wq2n+2

= wq
∞∑

n=0

(w1/2q)n

1 − wqn+1 − w1/2
∞∑

n=0

(wq2)n+1

1 − wq2n+2

= w1/2
( ∞∑

n=1

(w1/2q)n

1 − wqn
−

∞∑

n=1

(w1/2q)2n

1 − wq2n

)

= w1/2
∞∑

n=0

(w1/2q)2n+1

1 − wq2n+1

=
∞∑

n=0

wn+1q2n+1

1 − wq2n+1 .

We further rewrite
∞∑

n=0

wn+1q2n+1

1 − wq2n+1 =
∞∑

n=0

∞∑

k=0
wn+1q2n+1(wq2n+1)k
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=
∞∑

n=0

n−1∑

k=0
wn+1q2n+1(wq2n+1)k +

∞∑

n=0

∞∑

k=n
wn+1q2n+1(wq2n+1)k

=
∞∑

k=0

∞∑

n=k+1
wn+1q2n+1(wq2n+1)k +

∞∑

n=0

∞∑

k=n
wn+1q2n+1(wq2n+1)k

=
∞∑

k=0

∞∑

n=k+1
wk+n+1q2kn+k+2n+1 +

∞∑

n=0

∞∑

k=n
wn+1q2n+1(wq2n+1)k

=
∞∑

k=0

∞∑

n=k+1
(wq)k+1(wq2k+2)n +

∞∑

n=0

∞∑

k=n
wn+1q2n+1(wq2n+1)k

=
∞∑

k=0

(wq)k+1

1 − wq2k+2 (wq
2k+2)k+1 +

∞∑

n=0

wn+1q2n+1

1 − wq2n+1 (wq
2n+1)n

=
∞∑

k=0

w2k+2q2k2+5k+3

1 − wq2k+2 +
∞∑

n=0

w2n+1q2n2+3n+1

1 − wq2n+1

=
∞∑

k=0

w2k+2q(2k+2)(2k+3)/2

1 − wq2k+2 +
∞∑

n=0

w2n+1q(2n+1)(2n+2)/2

1 − wq2n+1

=
∞∑

n=0

wn+1q(n+1)(n+2)/2

1 − wqn+1

= Pc(w; q) − 1.

That is, we have shown that

Pc(w; q) − 1 = −
∞∑

n=1

(−1)nw2n−1qn2 (q2; q2)n−1
(wq; q)2n

,

which establishes the desired result. ��

3 Proofs I: Combinatorial results
In this section, we prove some of our combinatorial results, namely Proposition 1.5,
followed by Corollaries 1.6 and 1.7, and Proposition 1.2. Proposition 1.5 plays a key role
in establishing the latter (and other) results, and thus we prove it first.

3.1 Proof of Proposition 1.5

Wepresent both a q-series proof (k �= 0) and a combinatorial proof (k ≥ 2) of Proposition
1.5, beginning with the former.

q-series proof (k �= 0): For integers k �= 0, using Lemma 2.1 and (2.2), we have that

Pka(w; q) =
∞∑

�=1

w�+kq(�+k)(�+k+1)/2

(wq�; q)k+1

=
∞∑

�=1

w�+kq(�+k)(�+k+1)/2(wq�+k+1; q)∞
(wq�; q)∞

= 1
1 − qk

∞∑

�=1

(
w�+kq(�+k)(�+k+1)/2(wq�+k+1; q)∞(1 − wq�+k )

(wq�; q)∞
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− w�+kq(�+k)(�+k+1)/2(wq�+k+1; q)∞qk (1 − wq�)
(wq�; q)∞

)

= 1
1 − qk

∞∑

�=1

(
w�+kq(�+k)(�+k+1)/2(wq�+k ; q)∞

(wq�; q)∞

− w�+kq(�+k)(�+k+1)/2+k (wq�+k+1; q)∞
(wq�+1; q)∞

)

= 1
1 − qk

⎛

⎝wk+1q(k+1)(k+2)/2(wqk+1; q)∞
(wq; q)∞

+
∞∑

�=2

w�+kq(�+k)(�+k+1)/2(wq�+k ; q)∞
(wq�; q)∞

−
∞∑

�=2

w�+k−1q(�+k)(�+k−1)/2+k (wq�+k ; q)∞
(wq�; q)∞

⎞

⎠

= 1
1 − qk

⎛

⎝wk+1q(k+1)(k+2)/2(wqk+1; q)∞
(wq; q)∞

+
∞∑

�=2

w�+k−1q(�+k)(�+k−1)/2+k (wq� − 1)(wq�+k ; q)∞
(wq�; q)∞

⎞

⎠

= 1
1 − qk

⎛

⎝wk+1q(k+1)(k+2)/2(wqk+1; q)∞
(wq; q)∞

−
∞∑

�=2

w�+k−1q(�+k)(�+k−1)/2+k (wq�+k ; q)∞
(wq�+1; q)∞

⎞

⎠

= 1
1 − qk

⎛

⎝wk+1q(k+1)(k+2)/2(wqk+1; q)∞
(wq; q)∞

+ wk−1qk(k−1)/2+k (wqk ; q)∞
(wq; q)∞

+ wkqk(k+1)/2+k (wqk+1; q)∞
(wq2; q)∞

− qk
∞∑

�=1

w�+k−2q(�+k−2)(�+k−1)/2(wq�+k−1; q)∞
(wq�; q)∞

⎞

⎠

= 1
1 − qk

⎛

⎝wk−1qk(k−1)/2+k (wqk+1; q)∞
(wq; q)∞

(
w2qk+1 + (1 − wqk ) + wqk (1 − wq)

)

− qkP(k−2)a(w; q)

⎞

⎠

= qk

1 − qk

⎛

⎝wk−1qk(k−1)/2(wqk+1; q)∞
(wq; q)∞

− P(k−2)a(w; q)

⎞

⎠

= qk

1 − qk

⎛

⎝wk−1qk(k−1)/2

(wq; q)k
− P(k−2)a(w; q)

⎞

⎠.

��
Towards establishing our combinatorial proof of (1.3), we let p=kd(m, n) be the number

of partitions of n into exactly k distinct parts with a largest part m, and let P=kd(w; q) be
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its associated generating function. Then we have that

P=kd(w; q) :=
∑

m,n∈Z
p=kd(m, n)qnwm = wkqk(k+1)/2

(wq; q)k
.

It is not difficult to see that for k ≥ 2, (1.2) is equivalent to

q−kPka(w; q) − Pka(w; q) = w−1q−kP=kd(w; q) − P(k−2)a(w; q)

or equivalently that

pka(m, n + k) − pka(m, n) = p=kd(m + 1, n + k) − p(k−2)a(m, n) (3.1)

which we will next prove combinatorially (in order to establish (1.3)).
Combinatorial proof for k ≥ 2: LetA=kd(m, n) be the set of partitions of nwith exactly k

distinct parts and with largest part m. Also, let A′
=kd(m, n) and A′′

=kd(m, n) be the subsets
of A=kd(m, n) where the former contains the partitions that do not contain 1 as a part and
the latter contains the partitions that contain 1 as a part. We may obtain a bijection from
A=kd(m, n) to the partitions of A′

=kd(m + 1, n + k) by adding 1 to each part. Similarly, we
obtain a bijection from A=(k−1)d(m, n) to A′′

=kd(m+ 1, n+ k) by adding 1 to each part, and
then adding 1 as a new part. Hence,

p=kd(m, n) + p=(k−1)d(m, n) = p=kd(m + 1, n + k). (3.2)

Let pkax(m, n) be the number of k-almost consecutive partitions of n that are “exactly”k-
almost consecutive in the sense that the kth smallest and (k + 1)th smallest elements are
non-consecutive, and that have largest part m. Also let Akax(m, n) be the corresponding
set of such partitions, similarly defining the subsets A′

ka(m, n) and A′′
ka(m, n) of Aka(m, n)

(where Aka(m, n) denotes the set of k-almost consecutive partitions of n with largest part
m) as the sets of partitions that do not contain 1 as a part and do contain 1 as a part
respectively. Mirroring the above statements, we obtain a bijection from Akax(m, n) to
A′
ka(m, n + k) by adding 1 to the k smallest parts, and we can obtain a bijection from

A(k−1)ax(m, n) to A′′
ka(m, n+ k) by adding 1 to the k − 1 smallest parts, and then adding 1

as a new part. Hence,

pkax(m, n) + p(k−1)ax(m, n) = pka(m, n + k). (3.3)

Now, since the only partitions contained in exactly one of Aka(m, n) or A(k−1)a(m, n) are
those that are “exactly”k-almost consecutive in the former and those that have exactly k
distinct parts in the latter, we have that pka(m, n) = pkax(m, n)+p(k−1)a(m, n)−p=kd(m, n).
We use this equation within itself to obtain

pka(m, n)=pkax(m, n)+p(k−1)ax(m, n)+p(k−2)a(m, n)−p=(k−1)d(m, n)−p=kd(m, n + k).
(3.4)

Rearranging (3.4), as well as using (3.2) and (3.3), we find

pka(m, n) − p(k−2)a(m, n) = pka(m, n + k) − p=kd(m + 1, n + k)

thus establishing (3.1) and hence (1.3). ��
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3.2 Proofs of Corollaries 1.6 and 1.7

Proof of Corollary 1.6 We sum the combinatorial statement of Proposition 1.5 over allm
to obtain

pka(n + k) − pka(n) = p (n + k : exactly k distinct parts) − p(k−2)a(n).

Hence it remains to show that

p (n + k : exactly k distinct parts) = p
(
n − k(k − 1)

2
: parts in {1, 2, ..., k}

)
.

We define p=kd(n) to be the number of partitions of n into exactly k distinct parts, and
we define p=k (n) to be the number of partitions of n into exactly k parts. We obtain
a bijection between the partitions of the set A=kd(n + k) and the partitions of the set
A=k (n + k − k(k−1)

2 ) (similarly defined as in the combinatorial proof of Proposition 1.5)
by removing the Ferrers diagram’s upper-left triangle with side lengths of n − 1. For
n ≥ k(k−1)

2 we then obtain a bijection between the partitions of A=k (n + k − k(k−1)
2 ) and

the partitions ofA
(
n − k(k−1)

2 : parts in {1, 2, ..., k}
)
by, considering the Ferrers diagram,

removing the leftmost column and then conjugating. Hence we have that p=kd(n + k) is
equal to p

(
n − k(k − 1)/2 : parts in {1, 2, ..., k}

)
. ��

Proof of Corollary 1.7 When k = 1 and w = 1, Proposition 1.5 and (2.3) or (1.7) give that

P1a(1; q) = q
1 − q

(
1

1 − q
− S(1; q)

)
.

Noting that p1a(0) = 0, we have

1
1 − q

− S(1; q)

= (q−1 − 1)
∞∑

n=0
p1a(n)qn =

∞∑

n=0
p1a(n)qn−1 −

∞∑

n=0
p1a(n)qn =

∞∑

n=0
(p1a(n + 1) − p1a(n))qn.

(3.5)

Letting T := {n ≥ 0 : n = m(m + 1)/2 for somem ≥ 0} denote the set of nonnegative
triangular numbers and recalling the definition of S(1; q), also using (3.5) we have that

∞∑

n=0
(p1a(n + 1) − p1a(n))qn =

∞∑

n=0
qn −

∞∑

n=0
qn(n+1)/2

=
∑

n∈N0\T
qn +

∞∑

n=0
qn(n+1)/2 −

∞∑

n=0
qn(n+1)/2 =

∑

n∈N0\T
qn.

Equating coefficients, we obtain that for every n ≥ 0,

p1a(n + 1) − p1a(n) =
⎧
⎨

⎩
0, n is a triangular number,

1, otherwise,

as claimed for k = 1.
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To establish the claimed result for k = 2, by Corollary 1.6 with k = 2, when n ≥ 1, we
obtain that

p2a(n + 2) − p2a(n) = p(n − 1 : parts in {1, 2}) − p0a(n).

One can verify that p(n : parts in {1, 2}) = ⌊n
2
⌋ + 1 = ⌊n+2

2
⌋
for n ≥ 1. For n ≥ 1 we also

have p0a(n) = pc(n) = do(n) (using an identity of Franklin and Sylvester [13]). Therefore,
for n ≥ 1, we must have

p2a(n + 2) − p2a(n) =
⌊
n + 1
2

⌋
− do(n)

as claimed for k = 2. One can check that the desired result also holds when n = 0.
Similarly, by Corollary 1.6 with k = 3, when n ≥ 3, we find that

p3a(n + 3) − p3a(n) = p(n − 3 : parts in {1, 2, 3}) − p1a(n).

By Theorem 1.3, for n ≥ 1, we have p1a(n) = n− ⌈ 1
2 (

√
1 + 8n − 1)

⌉
. Furthermore, it can

be shown that, when n ≥ 0,

p(n : parts in {1, 2, 3}) =
⌊
(n + 3)2 + 6

12

⌋
,

and hence it follows that for n ≥ 3,

p3a(n + 3) − p3a(n) =
⌊
n2 + 6
12

⌋
− n +

⌈
1
2
(
√
1 + 8n − 1)

⌉

as claimed. One can check that the desired result also holds when n ∈ {0, 1, 2}. ��

3.3 Proof of Proposition 1.2

Proof of Proposition 1.2 We deduce the result for k ∈ {1, 2, 3} from Theorem 1.3 proved
in the next section. Suppose the proposed asymptotic holds for p(k−2)a(n), for some k ≥ 3.
A well-known result (e.g., see [8]) states that

p(n | parts in {1, 2, ..., k}) ∼ nk−1

k !(k − 1)!
.

Then using Corollary 1.6 and our inductive supposition, we observe that

pka(n + k) − pka(n) ∼ nk−1

k !(k − 1)!
,

implying that with n �→ kn,

pka(k(n + 1)) − pka(kn) ∼ (kn)k−1

k !(k − 1)!
.

Hence we have

pka(kn) ∼
n−1∑

m=1

(km)k−1

k !(k − 1)!
∼ kk−1

k !(k − 1)!
· n

k

k
∼ kk−1nk

(k !)2
,
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implying that

pka(n) ∼ nk

k(k !)2
.

��

4 Proofs II: q-series results
In this section, we prove Propositions 1.8, 1.9, and 1.4. The proofs of the latter two
propositions use the former.

4.1 Proofs of Proposition 1.8 and 1.9

Proof of Proposition 1.8 We first prove (1.6).
We proceed inductively, beginning with the expression for P(2k−1)a. For a base case,

using Proposition 1.5 with k = 1 and using that S(w; q) = P−1a(w; q) ((2.3) or (1.7)), we
have that

P1a(w; q) = q
1 − q

( 1
1 − wq

− S(w; q)
)

= −q
(q; q2)1

(
S(w; q) − 1

(wq; q)1

)
,

which agrees with the claimed expression for k = 1. Supposing it holds for some k ∈ N,
we have using Proposition 1.5

P(2k+1)a(w; q) = q2k+1

1 − q2k+1

(
w2kq2k2+k

(wq; q)2k+1
− P(2k−1)a(w; q)

)

= q2k+1

1 − q2k+1

⎛

⎝ w2kq2k2+k

(wq; q)2k+1

+ (−1)k+1qk2

(q; q2)k

(
S(w; q) +

k∑

n=1

(−1)nw2n−2qn(n−1)(q; q2)n−1
(wq; q)2n−1

)⎞

⎠

= (−1)k+1q(k+1)2

(q; q2)k+1

(
S(w; q) +

k+1∑

n=1

(−1)nw2n−2qn(n−1)(q; q2)n−1
(wq; q)2n−1

)
,

and so the desired expression holds for all positive integers k by induction.
Next, to prove (1.9), we begin fromProposition 1.5with k = 2 and recall thatP0a(w; q) =

Pc(w; q) − 1:

P2a(w; q) = q2

1 − q2

(
wq

(1 − wq)(1 − wq2)
−

∞∑

n=1

wnqn(n+1)/2

1 − wqn

)

= −q2

(q2; q2)1

(
(Pc(w; q) − 1) − wq

(wq; q)2

)
,

and so the claim for P2ka(w; q) holds for k = 1. Now, suppose the claim holds for some
k ∈ N. Observe using Proposition 1.5

P(2k+2)a = q2k+2

1 − q2k+2

(
w2k+1q(2k+2)(2k+1)/2

(wq; q)2k+2
− P(2k)a

)

= q2k+2

1 − q2k+2

⎛

⎝w2k+1q(2k+2)(2k+1)/2

(wq; q)2k+2
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− (−1)kqk(k+1)

(q2; q2)k

(
(Pc(w; q) − 1) +

k∑

n=1

w2n−1(−1)nqn2 (q2; q2)n−1
(wq; q)2n

)⎞

⎠

= q(k+2)(k+1)(−1)k

(q2; q2)k+1

⎛

⎝w2k+1q(k+1)2 (−1)k (q2; q2)k
(wq; q)2k+2

− (Pc(w; q) − 1) −
k∑

n=1

w2n−1(−1)nqn2 (q2; q2)n−1
(wq; q)2n

⎞

⎠

= q(k+2)(k+1)(−1)k+1

(q2; q2)k+1

⎛

⎝(Pc(w; q) − 1) +
k+1∑

n=1

w2n−1(−1)nqn2 (q2; q2)n−1
(wq; q)2n

⎞

⎠ .

This completes the proof of (1.9).
Next we prove (1.7). For k = 1, we have that

P−1a(w; q) = S(w; q) = (q; q2)0

(
S(w; q) − w−1

0∑

n=1

q2n−1(w−1; q)2n−1
(q; q2)n

)

as claimed. Next we suppose the claimed expression for P−2k+1(w; q) holds for some
k ∈ N, and begin by applying Proposition 1.5 with k �→ −2k + 1 so that

P(−2k−1)a(w; q) = w−2kq(−2k+1)(−2k)/2

(wq; q)−2k+1
+ q−2k+1 − 1

q−2k+1

(
P(−2k+1)a(w; q)

)

= q(2k−1)k

w2k (wq; q)−2k+1
+ (1 − q2k−1)

⎛

⎝(q; q2)k−1

(
S(w; q) − w−1

k−1∑

n=1

q2n−1(w−1; q)2n−1
(q; q2)n

)⎞

⎠

= (q; q2)k

⎛

⎝S(w; q) + q(2k−1)k

w2k (wq; q)−2k+1(q; q2)k
− w−1

k−1∑

n=1

q2n−1(w−1; q)2n−1
(q; q2)n

⎞

⎠

= (q; q2)k

⎛

⎝S(w; q) + q(2k−1)k (wq−2k+2; q)2k−1
w2k (q; q2)k

− w−1
k−1∑

n=1

q2n−1(w−1; q)2n−1
(q; q2)n

⎞

⎠

= (q; q2)k

⎛

⎝S(w; q) + q(2k−1)k (w; q−1)2k−1
w2k (q; q2)k

− w−1
k−1∑

n=1

q2n−1(w−1; q)2n−1
(q; q2)n

⎞

⎠

= (q; q2)k

⎛

⎝S(w; q) − w−1
k∑

n=1

q2n−1(w−1; q)2n−1
(q; q2)n

⎞

⎠

as wanted, where we have used the identity

(a; q−1)n = (a−1; q)n(−a)nq− n(n−1)
2

to obtain the last line above.
The proof of (1.8) follow similarly by induction using Proposition 1.5, and is omitted

for brevity’s sake. ��

Proof of Proposition 1.9 The first identity in the proposition follows by summing (1.6)
over k , noting convergence. The second identity follows similarly by multiplying (1.6)
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by (−1)k and summing over k . The third and fourth identities in the proposition follow
similarly using (1.9), along with the well-known identity (see e.g., [16])

∞∑

k=0

qk(k+1)/2zk

(q; q)k
= (−zq; q)∞.

��

4.2 Proof of Proposition 1.4

Proof By Proposition 1.8, we have

P(2k−1)a(w; q) = (−1)kqk2

(q; q2)k

⎛

⎝S(w; q) +
k∑

j=1

(−1)jw2j−2qj(j−1)(q; q2)j−1

(wq; q)2j−1

⎞

⎠ , (4.1)

and in Lemma 2.3, we showed that

S(w; q) =
∞∑

j=0

(−1)jw2jqj(j+1)(q; q2)j
(wq; q)2j+1

. (4.2)

Using (4.1) and (4.2), we find

P(2k−1)a(w; q) = (−1)k+1qk2

(q; q2)k

∞∑

j=k+1

(−1)jw2j−2qj(j−1)(q; q2)j−1

(wq; q)2j−1
,

and hence

P(2k−1)a(1; q) = (−1)k+1qk2

(q; q2)k

∞∑

j=k+1

(−1)jqj(j−1)(q; q2)j−1

(q; q)2j−1

=
∞∑

j=k+1

(−1)k+j+1qk2+j(j−1)

(1 − q2j−1)(q; q2)k (q2; q2)j−1
. (4.3)

Recall that the generating function for partitionswith parts inT ,PT (q), is given byPT (q) =∏
t∈T (1 − qt )−1. Then, letting

Tj,k = {1, 3, 5, ..., 2k − 1} ∪ {2, 4, 6, ..., 2j − 2} ∪ {2j − 1}, (4.4)

with the observation that j > k implies that 2j − 1 /∈ {1, 3, 5, ..., 2k − 1}, and using (4.3),
we find that

P(2k−1)a(1; q) =
∞∑

j=k+1
(−1)k+j+1qk

2+j(j−1)PTj,k (q).

Thus,

∞∑

n=0
p(2k−1)a(n)qn =

∞∑

j=k+1
(−1)k+j+1qk

2+j(j−1)
∞∑

n=0
p(n : parts in Tj,k )qn
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=
∞∑

j=k+1

∞∑

n=0
(−1)k+j+1p(n : parts in Tj,k )qn+k2+j(j−1)

=
∞∑

j=k+1

∞∑

n=k2+j(j−1)

(−1)k+j+1p(n − k2 − j(j − 1) : parts in Tj,k )qn.

Now, if n < k2 + j(j− 1), then n− k2 − j(j− 1) < 0, so that p(n− k2 − j(j− 1)) = 0, hence

∞∑

n=0
p(2k−1)a(n)qn =

∞∑

j=k+1

∞∑

n=0
(−1)k+j+1p(n − k2 − j(j − 1) : parts in Tj,k )qn,

and hence

p(2k−1)a(n) =
∞∑

j=k+1
(−1)k+j+1p(n − k2 − j(j − 1) : parts in Tj,k ).

For the other case, recall that by Proposition 1.8, we have

P2ka(w; q) = (−1)kqk(k+1)

(q2; q2)k

⎛

⎝(Pc(w; q) − 1) +
k∑

j=1

w2j−1(−1)jqj2 (q2; q2)j−1

(wq; q)2j

⎞

⎠ , (4.5)

and in Lemma 2.4, we showed that

Pc(w; q) − 1 = −
∞∑

j=1

(−1)jw2j−1qj2 (q2; q2)j−1

(wq; q)2j
. (4.6)

Using (4.5) and (4.6), we find that

P2ka(w; q) = (−1)k+1qk(k+1)

(q2; q2)k

∞∑

j=k+1

(−1)jw2j−1qj2 (q2; q2)j−1

(wq; q)2j
,

and hence

P2ka(1; q) = (−1)k+1qk(k+1)

(q2; q2)k

∞∑

j=k+1

(−1)jqj2 (q2; q2)j−1

(q; q)2j

=
∞∑

j=k+1

(−1)j+k+1qk(k+1)+j2

(1 − q2j)(q2; q2)k (q; q2)j
. (4.7)

Then, letting

Ej,k = {2, 4, 6, ..., 2k} ∪ {1, 3, 5, ..., 2j − 1} ∪ {2j}, (4.8)

with the observation that j > k implies that 2j /∈ {2, 4, 6, ..., 2k}, and using (4.7), we have

P2ka(1; q) =
∞∑

j=k+1
(−1)k+j+1qk(k+1)+j2PEj,k (q).
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Thus,

∞∑

n=0
p2ka(n)qn =

∞∑

j=k+1
(−1)k+j+1qk(k+1)+j2

∞∑

n=0
p(n : parts in Ej,k )qn

=
∞∑

j=k+1

∞∑

n=0
(−1)k+j+1p(n : parts in Ej,k )qn+k(k+1)+j2

=
∞∑

j=k+1

∞∑

n=k(k+1)+j2
(−1)k+j+1p(n − k(k + 1) − j2 : parts in Ej,k )qn.

Now, if n < k(k + 1) + j2, then n − k(k + 1) − j2 < 0, so that p(n − k(k + 1) − j2) = 0,
hence,

∞∑

n=0
p2ka(n)qn =

∞∑

j=k+1

∞∑

n=0
(−1)k+j+1p(n − k(k + 1) − j2 : parts in Ej,k )qn,

and thus

p2ka(n) =
∞∑

j=k+1
(−1)k+j+1p(n − k(k + 1) − j2 : parts in Ej,k ).

��

5 Proofs III: Quantum Jacobi results
In this section, we prove Theorem 1.1. We first prove the theorem for P(2k−1)a with
k ∈ N. To do so, we begin by applying (1.6) from Proposition 1.8. By [12, Theorem
4.3] (see also Section 2.1) we have that θ̃2(z;−τ ) (where θ̃2(z; τ ) = q

1
8w

1
4 S(w

1
2 ; q) with

w = e2π iz , q = e2π iτ ) is a quantum Jacobi form on

S2 :=
{( a

b ,
r
s
) ∈ Q

2 : a
b ,

r
s are reduced, b | s, s is even, and as/b is even

}
, (5.1)

withweight 1/2, index−1/8 andcharacterψγ , with respect to�0(4)�(4Z×2Z).Moreover,
it is shown in [12, Theorem 4.3] that the errors to (Jacobi) modularity of θ̃2(z;−τ ) on S2
extend to C∞ functions on (R \ (Z + {0, 12 ,± 1

4 }))× (R \ {− 1
4 }). Here, for k ∈ N we define

the subsets Tk ⊆ S2 by

Tk := {( a
b ,

r
s
) ∈ S2 : 4bk | s} , (5.2)

as well as the subgroups Gk ⊆ �0(4) by

Gk := 〈( 1 0
4k 1

)
,
( 1 1
0 1

)
,
(−1 0

0 −1
)〉
. (5.3)

To show that Tk is closed under the Jacobi action of Gk , it suffices to show the added
divisibility condition defining Tk is preserved (as closure of S2 under the Jacobi action of
�0(4) follows from [12]). Indeed, we have for

( a
b ,

r
s
) ∈ Tk that

( 1 0
4k 1

) · ( ab , rs
) =

(
A
B ,

R
S

)
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in reduced form, where

A = ±ab′/g, B = S/g, B′ = g, R = ±r, S = |4kr + s|,

and

b′ := s/b = 4ku (for some u ∈ Z), g := gcd(S, ab′).

We seek to show that 4Bk | S. Note that g ′ := g/(4k) is an integer, because 4k | s and
hence S, and 4k | b′.Moreover, we have that g ′ | S. Thus, 4Bk = S/g ′ is an integer divisor
of S as wanted.
We proceed similarly for

( 1 1
0 1

)
. Again considering the reduced form of

( 1 1
0 1

) · ( ab , rs
) =

(
A
B ,

R
S

)

for
( a
b ,

r
s
) ∈ Tk we have

A = ±a, B = b, R = ±(r + s), S = s,

since it is clear that R and S are coprime. Hence the divisibility condition of 4Bk | S is
met. The case of

(−1 0
0 −1

)
is clear.

Next, we pick some (λ,μ) ∈ (4kZ × 2Z). To check whether membership of Tk is
preserved under the corresponding elliptic transformation, we have

(
a
b

+ λr
s

+ μ,
r
s

)
=

(
as + λrb + μbs

bs
,
r
s

)
=

(
A
B
,
R
S

)

with, defining g := gcd(as + λrb + μbs, bs),

A = (as + λrb + μbs)/g, B = bs/g, R = r, S = s.

To show 4Bk | S, or 4bsk | sg , it is equivalent to show 4bk | g , which is clear as 4bk
divides bs and each term of of as + λrb + μbs. Hence we have that Tk is closed under the
necessary Jacobi transformations.
Let

Fk (w; q) := (−1)kqk2

(q; q2)k

k∑

n=1

(−1)nw2n−2qn(n−1)(q; q2)n−1
(wq; q)2n−1

as appearing in (1.6). Given what has been established above, it now suffices to show that
Fk (w

1
2 ; q−1) and (q−1; q−2)−1

k (when viewed as a function of (z, τ ) as above) is defined on
Tk. It is not difficult to show that the latter function is defined on S2. Regarding the former,
it suffices to show that for

( a
b ,

r
s
) ∈ Tk, we have that ζ a

2bζ
−jr
s �= 1 for all 1 ≤ j ≤ 2k − 1;

equivalently, that ab′/2 − jr �≡ 0 (mod s) for all 1 ≤ j ≤ 2k − 1.With notation as in [12]
we let r′ be an integer such that rr′ ≡ −1 (mod s).The above is equivalent to establishing
that for all j, 1 ≤ j ≤ 2k − 1, we have j �≡ −ab′r′/2 (mod s); equivalently, j �≡ −2kuar′

(mod 4kub). If such a congruence did hold, it would imply that 2k | j, which is impossible
since 1 ≤ j ≤ 2k − 1.
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The proof (in the case of (2k − 1) with k ∈ N) now follows from the argument above, as
well as Example 5 following our Definition 3, and the fact that rational functions in (w, q)
with w = e2π iz , q = e2π iτ are holomorphic on their domains in R × R; one can check
directly they satisfy the required Jacobi properties.
The result for (2k − 1) with k ∈ −N0 follows similarly to the argument above in the

case k ∈ N, using (1.7) from Proposition 1.8, Theorem 4.3 from [12] (as in Section 2.1)
and Definition 3. We also remark that Jacobi elliptic transformation properties may be
directly verified. The result for 2k with k ∈ −N follows in a similar manner.

6 Proofs IV: Proof of Theorem 1.3
In this section, we prove Theorem 1.3, beginning with proofs of the results for p1a and p2a,
followed by a (longer) proof of the result for p3a, in Sections 6.1, 6.2, and 6.3, respectively.

6.1 Proof of Theorem 1.3 in the case of p1a(n).

From Corollary 1.7, we have for all n ≥ 0 that

p1a(n + 1) − p1a(n) =
⎧
⎨

⎩
0, n is a triangular number,

1, otherwise.

From this, combined with the observation that p1a(0) = 0, it follows that p1a(n) is the
difference between n and the number of nonnegative triangular numbers (including 0)
strictly less than n. In particular, p1a(n) = n−m, wherem ≥ 0 is the smallest nonnegative
integer such that m(m + 1)/2 ≥ n. We remark that m(m + 1)/2 ≥ n if and only if
m2 +m− 2n ≥ 0. Furthermore, the roots of the polynomial f (x) = x2 + x − 2n are given
by x = 1

2 (±
√
8n + 1−1), so since f (x) < 0 when x ∈ ( 12 (−

√
8n + 1−1), 12 (

√
8n + 1−1)),

and 1
2 (−

√
8n + 1 − 1) < 0, 12 (

√
8n + 1 − 1) ≥ 0, it follows that the smallest nonnegative

integer such that m2 + m − 2n ≥ 0 is given by m = ⌈ 1
2 (

√
8n + 1 − 1)

⌉
. Hence, p1a(n) =

n − ⌈ 1
2 (

√
8n + 1 − 1)

⌉
.

6.2 Proof of Theorem 1.3 in the case of p2a(n).

The result for p2a(n) is easily checked for n = 0. For integers n ≥ 1, we separately induct
on odd and even n, beginning with the odd case. To this end, we write n = 2k + 1 for
some k ∈ N0 and induct on k . If k = 0, then p2a(2k + 1) = p2a(1) = 0 as claimed in the
statement of the theorem. Now suppose the result holds for some odd n = 2k+1, k ∈ N0,
i.e.,

p2a(2k + 1) = k(k + 1)
2

−
k∑

m=1
do(2k + 1 − 2m),

(which agrees with the expression in the theorem after someminor simplifications). From
Corollary 1.7, we have for each n ∈ N that

p2a(n + 2) − p2a(n) =
⌊
n + 1
2

⌋
− do(n),

hence

p2a(2k + 3) = p2a(2k + 1) +
⌊
2k + 2

2

⌋
− do(2k + 1)
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= k(k + 1)
2

+ k + 1 − do(2k + 1) −
k∑

m=1
do(2k + 1 − 2m)

= (k + 1)(k + 2)
2

−
k+1∑

m=1
do(2k + 3 − 2m)

as wanted.
The proof of the result in the case of even n = 2k, k ∈ N, follows similarly. For k = 1,

the result is easily verified. Supposing the result holds for some k ∈ N, i.e,

p2a(2k) = k(k − 1)
2

−
k−1∑

m=1
do(2k − 2m)

(which agrees with the statement in the theorem after some minor simplifications) then
from this and Corollary 1.7,

p2a(2k + 2) = p2a(2k) +
⌊
2k + 1

2

⌋
− do(2k)

= k(k − 1)
2

+ k − do(2k) −
k−1∑

m=1
do(2k − 2m)

= (k + 1)k
2

−
k∑

m=1
do(2k + 2 − 2m)

as wanted, completing the proof of the result for p2a.

6.3 Proof of Theorem 1.3 in the case of p3a(n).

The proof of the result for p3a(n) is comparatively lengthy (considering the above proofs
of the analogous results for pka for k ∈ {1, 2}) and requires several lemmas.

Lemma 6.1 For n ∈ N0, m ∈ N0, and k ∈ N, we have that

p(2k−1)a(n : largest part m) = (−1)kp(n − k2 − m(m+1)
2 : parts in Uk )

+
k−1∑

�=0
(−1)k+�+1

∞∑

j=0
p(n − j − k2 − �(� + 1) : m − 2� parts in T�)p(j : parts in Sk,�),

where Sk,� := {1+ 2�, 3+ 2�, ..., 2k − 1}, T� := {1, 2, ..., 2� + 1}, and Uk := {1, 3, ..., 2k − 1}.

Proof of Lemma 4.1 Fix k ∈ N. By Proposition 1.8, we have

P(2k−1)a(w; q) = (−1)kqk2

(q; q2)k

(
S(w; q) +

k∑

�=1

(−1)�w2�−2q�(�−1)(q; q2)�−1
(wq; q)2�−1

)

= (−1)kqk2S(w; q)
(q; q2)k

+
k−1∑

�=0

(−1)k+�+1w2�qk2+�(�+1)

(wq; q)2�+1(q2�+1; q2)k−�

.

Recall that the two-variable generating function for partitions of n with m parts in the
set T , PT (w; q), is given by PT (w; q) = ∏

t∈T (1 − wqt )−1. Referring to the sets defined in
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the statement of the lemma, note that since 0 ≤ � ≤ k − 1, we have Sk,� �= ∅, T� �= ∅, and
Uk �= ∅. Hence,

P(2k−1)a(w; q) = (−1)kqk
2
( ∞∑

�=0
w�q�(�+1)/2

)
PUk (q)

+
k−1∑

�=0
(−1)k+�+1w2�qk

2+�(�+1)PT�
(w; q)PSk,� (q)

= (−1)k
( ∞∑

m=0

∞∑

n=0
p(n : parts in Uk )wmqn+k2+m(m+1)/2

)

+
k−1∑

�=0
(−1)k+�+1

( ∞∑

m=0

∞∑

j=0

∞∑

n=0
p(n : m parts in T�)

× p(j : parts in Sk,�)wm+2�qn+j+k2+�(�+1)
)

= (−1)k
( ∞∑

m=0

∞∑

n=k2+m(m+1)
2

p
(
n − k2 − m(m+1)

2 : parts in Uk
)
wmqn

)

+
k−1∑

�=0
(−1)k+�+1

( ∞∑

m=2�

∞∑

j=0

∞∑

n=j+k2+�(�+1)

p(n − j − k2 − �(� + 1) : m − 2� parts in T�)p(j : parts in Sk,�)wmqn
)
.

Observe that n < k2+m(m + 1)/2 implies that p(n−k2−m(m + 1)/2 : parts in Sk,�) = 0,
andm < 2�orn < j+k2+�(�+1) implies thatp(n−j−k2−�(�+1) : m − 2� parts in T�) =
0. Hence,

P(2k−1)a(w; q) = (−1)k
∞∑

m=0

∞∑

n=0
p
(
n − k2 − m(m+1)

2 : parts in Uk
)
wmqn

+
k−1∑

�=0
(−1)k+�+1

∞∑

m=0

∞∑

j=0

∞∑

n=0

p(n − j − k2 − �(� + 1) : m − 2� parts in T�)p(j : parts in Sk,�)wmqn.

Equating series coefficients yields the desired result that for all m ∈ N0 and n ∈ N0, we
have

p(2k−1)a(n : largest partm) = (−1)kp
(
n − k2 − m(m+1)

2 : parts in Uk
)

+
k−1∑

�=0
(−1)k+�+1

∞∑

j=0
p(n − j − k2 − �(� + 1) : m − 2� parts in T�)p(j : parts in Sk,�).

��
Let

ξ1(n) :=
∞∑

m=0
p(n − 4 − m(m+1)

2 : parts in {1, 3}),

ξ2(n) :=
n−4∑

m=0
p(n − m − 4 : parts in {1, 3}),



   28 Page 28 of 37 A. Folsom et al. Res. Number Theory          (2026) 12:28 

ξ3(n) :=
∞∑

m=0
p(n − 3m − 6 : parts in {1, 2, 3}).

We establish additional lemmas below, which compute ξ1, ξ2, and ξ3. In the statement and
proof of Lemma 6.2, we abuse notation and write a ≡ b (mod 1

3 ) with 0 ≤ b < 1
3 (and

a, b ∈ R) to define b as a kind of least residue (mod 1
3 ) for a, that is, b is defined to be

such that 0 ≤ b < 1
3 , and such that there exists an integerm ∈ Z for which a − b = 1

3m.

Lemma 6.2 Let n ≥ 7, n ≡ β (mod 3),
√
8n−31−1

6 ≡ c (mod 1), and
√
8n−31−1

6 ≡ c′

(mod 1
3 ), where 0 ≤ β < 3, 0 ≤ c < 1, and 0 ≤ c′ < 1

3 . Then we have that

ξ1(n) = n
√
8n − 31
9

+
(
f (c′) + β(3 − β)

12
− 5

18

)√
8n − 31 + g(c′) − h(β , c)

+ 5c
3

− cβ(3 − β)
2

,

where

h(x, c) :=

⎧
⎪⎪⎨

⎪⎪⎩

15x2−33x+14
36 , 0 ≤ c < 1

3 ,
−3x2−3x+26

36 , 1
3 ≤ c < 2

3 ,
25
18 − 5x(3−x)

12 , 2
3 ≤ c < 1,

f (x) := −27x2 + 9x + 2
36

, and g(x) := 18x3 − 9x2 − 35x + 6
12

.

Proof Observe that we can split ξ1(n) into the three sums,

ξ1(n) =
∞∑

m=0
p
(
n − 4 − 3m(3m + 1)

2
: parts in {1, 3}

)

+
∞∑

m=0
p
(
n − 5 − 3m(3m + 3)

2
: parts in {1, 3}

)

+
∞∑

m=0
p
(
n − 7 − 3m(3m + 5)

2
: parts in {1, 3}

)
. (6.1)

Form ≡ ν (mod 3) andm ≥ 0, we note the partition identity

p(m : parts in {1, 3}) =
m∑

j=0
p(j : parts in {3}) = m + 3 − ν

3
. (6.2)

For m ∈ Z, n − 4 − 3m(3m+1)
2 ≡ (n + 2) (mod 3), n − 5 − 3m(3m+3)

2 ≡ (n + 1) (mod 3),
and n−7− 3m(3m+5)

2 ≡ (n+2) (mod 3). So, let n+1 ≡ ν1 (mod 3), n+2 ≡ ν2 (mod 3),
with 0 ≤ ν1, ν2 < 3. Let k1 = �

√
8n−31−1

6 �, k2 = �
√
8n−31−3

6 �, and k3 = �
√
8n−31−5

6 �. Then
(6.1) with (6.2) gives that

ξ1(n) =
k1∑

m=0

n − 1 − 3m(3m+1)
2 − ν2

3
+

k2∑

m=0

n − 2 − 3m(3m+3)
2 − ν1

3
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+
k3∑

m=0

n − 4 − 3m(3m+5)
2 − ν2

3
(6.3)

= (k1 + 1)
(
n − 1 − ν2

3

)
+ (k2 + 1)

(
n − 2 − ν1

3

)
+ (k3 + 1)

(
n − 4 − ν2

3

)

−
k1∑

m=0

(
3m2

2
+ m

2

)
−

k2∑

m=0

(
3m2

2
+ 3m

2

)
−

k3∑

m=0

(
3m2

2
+ 5m

2

)
. (6.4)

After some algebra, (6.3) becomes

ξ1(n) = n + n
3
(k1 + k2 + k3) − 1

2
(k31 + k32 + k33 ) − k21 − 3

2
k22 − 2k23 (6.5)

− (5 + 2ν2)
6

k1 − (5 + ν1)
3

k2 − (17 + 2ν2)
6

k3 − (7 + ν1 + 2ν2)
3

.

Let c =
√
8n−31−1

6 − k1. Then k1 =
√
8n−31−1

6 − c, k2 ≡
√
8n−31−3

6 − (c − 1
3 ) (mod 1),

and k3 ≡
√
8n−31−5

6 − (c − 2
3 ) (mod 1). As such, we can simplify ξ3(n) in three separate

cases.
First, suppose 0 ≤ c < 1

3 . Then k2 =
√
8n−31−3

6 − c − 2
3 and k3 =

√
8n−31−5

6 − c − 1
3 .

Rather, we can write k2 =
√
8n−31−1

6 − c−1 = k1−1 and k3 =
√
8n−31−1

6 − c−1 = k1−1.
Plugging this in to (6.5) and simplifying gives

ξ1(n) = n
3

+ nk1 − 3
2
k31 − 3

2
k21 − (4 + 2ν2 + ν1)

3
k1 − 1 + ν2

3

= n
√
8n − 31
9

+ (−27c2 + 9c + 2 − 2(ν1 + 2ν2))
√
8n − 31

36

+ 3c3

2
− 3c2

4
− 35c

12
+ 1

2
+ c(ν1 + 2ν2)

3
+ (ν1 − 4ν2)

18
. (6.6)

Similarly, if 1
3 ≤ c < 2

3 , then we have k2 =
√
8n−31−3

6 − c + 1
3 =

√
8n−31−1

6 − c = k1 and
k3 =

√
8n−31−5

6 − c − 1
3 =

√
8n−31−1

6 − c − 1 = k1 − 1, so simplifying (6.5) gives

ξ1(n) = 2n
3

+ nk1 − 3
2
k31 − 3k21 − (17 + 4ν2 + 2ν1)

6
k1 − (3 + ν1 + ν2)

3

= n
√
8n − 31
9

+ (−27c2 + 27c − 4 − 2(ν1 + 2ν2))
√
8n − 31

36

+ 3c3

2
− 9c2

4
− 23c

12
+ 4

3
+ c(ν1 + 2ν2)

3
− (5ν1 + 4ν2)

18
. (6.7)

Lastly, if 2
3 ≤ c < 1, then we have k2 =

√
8n−31−3

6 − c + 1
3 =

√
8n−31−1

6 − c = k1 and
k3 =

√
8n−31−5

6 − c + 2
3 =

√
8n−31−1

6 − c = k1, so simplifying (6.5) gives

ξ1(n) = n + nk1 − 3
2
k31 − 9

2
k21 − (32 + 4ν2 + 2ν1)

6
k1 − (7 + ν1 + 2ν2)

3

= n
√
8n − 31
9

+ (−27c2 + 45c − 16 − 2(ν1 + 2ν2))
√
8n − 31

36

+ 3c3

2
− 15c2

4
+ c

12
+ 5

3
+ c(ν1 + 2ν2)

3
− 5(ν1 + 2ν2)

18
. (6.8)
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Notice that, in (6.6), (6.7), and (6.8), for the terms before the square root,

− 27c2 + 9c + 2 = −27(c+ 1
3 )

2 + 27(c+ 1
3 ) − 4 = −27(c+ 2

3 )
2 + 45(c+ 2

3 ) − 16,

and for the constant terms,

18c3 − 9c2 − 35c + 6 = 18(c+ 1
3 )

3 − 27(c+ 1
3 )

2 − 23(c+ 1
3 ) + 16

= 18(c+ 2
3 )

3 − 45(c+ 2
3 )

2 + (c+ 2
3 ) + 20.

So, if we let

f (x) : = −27x2 + 9x + 2
36

, g(x) := 18x3 − 9x2 − 35x + 6
12

,

h(n) : =

⎧
⎪⎪⎨

⎪⎪⎩

4ν2−ν1
18 , 0 ≤ c < 1

3 ,
5ν1+4ν2

18 , 1
3 ≤ c < 2

3 ,
5(ν1+2ν2)

18 , 2
3 ≤ c < 1,

for c ≡ c′ (mod 1
3 ) with 0 ≤ c′ < 1

3 , we can rewrite (6.6), (6.7), and (6.8) as

ξ1(n) = n
√
8n − 31
9

+ (f (c′) − (ν1 + 2ν2)
18

)
√
8n − 31 + g(c′) − h(n) + c(ν1 + 2ν2)

3
.

One can verify that, if n ≡ β (mod 3), with 0 ≤ β < 3, we have

ξ1(n) = n
√
8n − 31
9

+ (f (c′) + β(3 − β)
12

− 5
18

)
√
8n − 31 + g(c′) − h(β , c)

+ 5c
3

− cβ(3 − β)
2

,

where we abuse notation and redefine h(∗) = h(∗, ∗) as

h(x, c) :=

⎧
⎪⎪⎨

⎪⎪⎩

15x2−33x+14
36 , 0 ≤ c < 1

3 ,
−3x2−3x+26

36 , 1
3 ≤ c < 2

3 ,
25
18 − 5x(3−x)

12 , 2
3 ≤ c < 1.

��

Lemma 6.3 Let n ≥ 4, and 0 ≤ β < 3 with n ≡ β (mod 3). Then

ξ2(n) = n2

6
− n

2
+ β(3 − β)

6
.

Proof First, observe that

ξ2(n) =
n−4∑

m=0
p(n − m − 4 : parts in {1, 3}) =

n−4∑

m=0
p(m : parts in {1, 3}).

We also have the partition identity (see also (6.2))

p(m : parts in {1, 3}) =
m∑

j=0
p(j : parts in {3}).
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Thus, we may rewrite

ξ2(n) =
n−4∑

m=0

m∑

j=0
p(j : parts in {3}) =

n−4∑

m=0
(n − 3 − m)p(m : parts in {3}).

This becomes

ξ2(n) =
� n−4

3 �∑

m=0
(n − 3 − 3m) = n

⌊
n − 1
3

⌋
− 3

⌊
n − 1
3

⌋
− 3�n−4

3 ��n−1
3 �

2
.

If we let n − 1 ≡ ν (mod 3) where 0 ≤ ν < 3, then

ξ2(n) = n
(
n − 1 − ν

3

)
− 3

(
n − 1 − ν

3

)
− 3

(n−4−ν
3

) (n−1−ν
3

)

2

= n2

6
−n
2

− (ν + 1)(ν − 2)
6

.

Thus,

ξ2(n) =

⎧
⎪⎪⎨

⎪⎪⎩

n2
6 −n

2 , n ≡ 0 (mod 3)
n2
6 −n

2 + 1
3 , n ≡ 1 (mod 3)

n2
6 −n

2 + 1
3 , n ≡ 2 (mod 3)

= n2

6
−n
2
+β(3 − β)

6

where n ≡ β (mod 3), with 0 ≤ β < 3. ��

Lemma 6.4 Let n ≥ 6, and 0 ≤ β < 3 with n ≡ β (mod 3). Then

ξ3(n) = n3

108
− n2

24
+
(

1
12

− β(3 − β)
18

)
n + r(β) + (−1)n

16
,

where

r(β) :=

⎧
⎪⎪⎨

⎪⎪⎩

−1
16 , β = 0,
53
432 , β = 1,
37
432 , β = 2.

Proof We first note the following partition identity and its inductive successor

p(m : parts in {1, 2, 3}) = p(m − 3 : parts in {1, 2, 3}) + p(m : parts in {1, 2})

=
∞∑

j=0
p(m − 3j : parts in {1, 2}).

Then we have

ξ3(n) =
∞∑

m=0
p(n − 3m − 6 : parts in {1, 2, 3})



   28 Page 32 of 37 A. Folsom et al. Res. Number Theory          (2026) 12:28 

=
∞∑

m=0

∞∑

j=0
p(n − 3(j + m) − 6 : parts in {1, 2})

=
∞∑

m=0
(m + 1)p(n − 3m − 6 : parts in {1, 2})

=
∞∑

m=0
(2m + 1)p(n − 6m − 6 : parts in {1, 2})

+
∞∑

m=0
(2m + 2)p(n − 6m − 9 : parts in {1, 2}). (6.9)

Using a partition identity and its inductive successor, with m ≡ ν (mod 6), 0 ≤ ν < 6,
we have that

p(m : parts in {1, 2}) = p(m − 6 : parts in {1, 2}) + 3 = p(ν : parts in {1, 2}) +
m−ν
6∑

j=1
3

= p(ν : parts in {1, 2}) + m − ν

2
.

(6.10)

Observe that n− 6j − 6 ≡ n (mod 6) and n− 6j − 9 ≡ n− 3 (mod 6). If n ≡ α (mod 6)
and n − 3 ≡ μ (mod 6), with 0 ≤ α,μ < 6, then using (6.9) and (6.10), we have

ξ3(n) =
n−6−α

6∑

m=0
(2m + 1)p(n − 6m − 6 : parts in {1, 2})

+
n−9−μ

6∑

m=0
(2m + 2)p(m − 6m − 9 : parts in {1, 2})

=
n−6−α

6∑

m=0
(2m + 1)

(
p(α : parts in {1, 2}) + n − 6m − 6 − α

2

)

+
n−9−μ

6∑

m=0
(2m + 2)

(
p(μ : parts in {1, 2}) + n − 6m − 9 − μ

2

)

=
(
p(α : parts in {1, 2}) + n − α

2
− 3

)(
n − α

6

)2
−

n−6−α
6∑

m=0
(6m2 + 3m)

+
(
p(μ : parts in {1, 2}) + n − μ − 9

2

)(
n − μ − 3

6

)(
n − μ + 3

6

)

−
n−9−μ

6∑

m=0

(
6m2 + 6m

)
. (6.11)

Using algebra, identity (6.11) becomes

ξ3(n) = n3

108
− (α + μ + 6 − 2p(α : parts in {1, 2}) − 2p(μ : parts in {1, 2}))n

2

72
+ (3 + 6α + α2 + 6μ + μ2 − 4αp(α : parts in {1, 2}) − 4μp(μ : parts in {1, 2})) n

72
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+ 81 − 18α − 9α2 − α3 + 9μ − 9μ2 − μ3

216

+ 6α2p(α : parts in {1, 2}) + 6μ2p(μ : parts in {1, 2}) − 54p(μ : parts in {1, 2})
216

.

Since α determines μ, one can verify that

ξ3(n) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n3
108 − n2

24 + n
12 , n ≡ 0 (mod 6),

n3
108 − n2

24 − n
36 + 13

216 , n ≡ 1 (mod 6),
n3
108 − n2

24 − n
36 + 4

27 , n ≡ 2 (mod 6),
n3
108 − n2

24 + n
12 − 1

8 , n ≡ 3 (mod 6),
n3
108 − n2

24 − n
36 + 5

27 , n ≡ 4 (mod 6),
n3
108 − n2

24 − n
36 + 5

216 , n ≡ 5 (mod 6),

=

⎧
⎪⎪⎨

⎪⎪⎩

n3
108 − n2

24 + n
12 − 1

16 + (−1)n
16 , n ≡ 0 (mod 3),

n3
108 − n2

24 − n
36 + 53

432 + (−1)n
16 , n ≡ 1 (mod 3),

n3
108 − n2

24 − n
36 + 37

432 + (−1)n
16 , n ≡ 2 (mod 3),

= n3

108
− n2

24
+
( 1
12

− β(3 − β)
18

)
n + r(β) + (−1)n

16
,

where n ≡ β (mod 3), with 0 ≤ β < 3, and

r(β) :=

⎧
⎪⎪⎨

⎪⎪⎩

−1
16 , β = 0,
53
432 , β = 1,
37
432 , β = 2.

��
With the above lemmas, we now prove the claimed exact formula for p3a(n) in Theorem

1.3.

Proof of formula for p3a(n) in Theorem 1.3 Using Lemma 6.1 with k = 2, we have

p3a(n : largest partm) = p(n − 4 − m(m+1)
2 : parts in {1, 3})

−
∞∑

j=0
p(n − j − 4 : m parts in {1})p(j : parts in {1, 3})

+
∞∑

j=0
p(n − j − 6 : m − 2 parts in {1, 2, 3})p(j : parts in {3}).

Notice that p(j : parts in {3}) =
⎧
⎨

⎩
1, 3 | j,
0, else,

so we can write

∞∑

j=0
p(n − j − 6 : m − 2 parts in {1, 2, 3})p(j : parts in {3})

=
∞∑

j=0
p(n − 3j − 6 : m − 2 parts in {1, 2, 3}).
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Summing overm, we obtain

∞∑

m=0
p3a(n : largest partm) =

∞∑

m=0
p(n − 4 − m(m+1)

2 : parts in {1, 3})

−
∞∑

m=0

∞∑

j=0
p(n − j − 4 : m parts in {1})p(j : parts in {1, 3})

+
∞∑

m=0

∞∑

j=0
p(n − 3j − 6 : m − 2 parts in {1, 2, 3}).

(6.12)

Now,

p(n − j − 4 : m parts in {1}) =
⎧
⎨

⎩
1, j = n − 4 − m,

0, else,

and there exists some j ≥ 0 such that j = n − 4 − m if and only ifm ≤ n − 4. Thus,

∞∑

m=0

∞∑

j=0
p(n − j − 4 : m parts in {1})p(j : parts in {1, 3}) =

n−4∑

m=0
p(n − 4 − m : parts in {1, 3})

= ξ2(n). (6.13)

Similarly, we also have:

∞∑

m=0

∞∑

j=0
p(n − 3j − 6 : m − 2 parts in {1, 2, 3}) =

∞∑

j=0
p(n − 3j − 6 : parts in {1, 2, 3})

= ξ3(n). (6.14)

Recall that

∞∑

m=0
p(n − 4 − m(m+1)

2 : parts in {1, 3}) = ξ1(n). (6.15)

Using (6.12) with (6.13), (6.14), and (6.15), we have

p3a(n) = ξ1(n) − ξ2(n) + ξ3(n).

We combine Lemmas 6.2, 6.3, and 6.4 to obtain for all n ≥ 7, where n ≡ β (mod 3),√
8n−31−1

6 ≡ c (mod 1), and
√
8n−31−1

6 ≡ c′ (mod 1
3 ), with 0 ≤ β < 3, 0 ≤ c < 1, and

0 ≤ c′ < 1
3 ,

p3a(n)

= n3

108
− 5n2

24
+ n

√
8n − 31
9

+
(

7
12

− β(3 − β)
18

)
n +

(
f (c′) + β(3 − β)

12
− 5

18

)√
8n − 31

+ g(c′) − h(β , c) + r(β) + (−1)n

16
− β(3 − β)(3c + 1)

6
+ 5c

3
,

where f (x), g(x), h(x, c), and r(x) are defined as in Lemmas 6.2, 6.3, and 6.4.
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If we let a0,n = g(c′)−h(β , c)+r(β)+ (−1)n
16 − β(3−β)(3c+1)

6 + 5c
3 , a1,n = f (c′)+ β(3−β)

12 − 5
18 ,

and a2,n = 7
12 − β(3−β)

18 , where each are bounded in absolute value by a fixed constant
independent of n, we obtain the desired result that, when n ≥ 7,

p3a(n) = n3

108
− 5n2

24
+ n

√
8n − 31
9

+ a2,nn + a1,n
√
8n − 31 + a0,n.

In particular, a0,n = g(c′) + (−1)n
16 + q(c,β), where

q(c,β) :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 65
144 + 5c

3 , β = 0, c ∈ [0, 13 ),

− 43
432 + 2c

3 , β = 1, c ∈ [0, 13 ),

− 203
432 + 2c

3 , β = 2, c ∈ [0, 13 ),

− 113
144 + 5c

3 , β = 0, c ∈ [ 13 ,
2
3 ),

− 331
432 + 2c

3 , β = 1, c ∈ [ 13 ,
2
3 ),

− 203
432 + 2c

3 , β = 2, c ∈ [ 13 ,
2
3 ),

− 209
144 + 5c

3 , β = 0, c ∈ [ 23 , 1),

− 331
432 + 2c

3 , β = 1, c ∈ [ 23 , 1),

− 347
432 + 2c

3 , β = 2, c ∈ [ 23 , 1).

After a calculation, it follows that a0,n ∈ (− 191
216 ,

25
54 ]. Similarly, we find that a1,n ∈

(− 2
9 ,− 5

144 ), and a2,n ∈ { 1736 , 7
12 }. ��

7 On a conjecture of Xiong
A function related to some studied in this paper was investigated in [21], namely

h(q) =
∞∑

n=1

(−1)n+1qn(n+1)/2

1 − qn
=:

∞∑

n=1
h(n)qn,

e.g., compare to our P0a(w; q) (which also equals Pc(w; q) − 1). We state Conjecture 3.1
from [21].

Conjecture (Conjecture 3.1, [21]) The function h(n) can attain each positive integer
infinitely many times. In particular, we have lim sup h(n) = ∞.

We provide a proof of the latter half of [21, Conjecture 3.1], which to our knowledge has
not been recorded previously, and also offer two equivalent combinatorial interpretations,
one related to partitions with consecutive parts, namely to

pc,o(n) := p(n : odd number of consecutive parts),

pc,e(n) := p(n : even number of consecutive parts),

and the other to a divisor function

dm(n) :=
∑

d|n
d∈[√n/2,

√
2n)

1

which counts the number of “middle divisors”of n.
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Proposition 7.1 We have that

lim sup
n→∞

h(n) = ∞.

Equivalently, we have that

lim sup
n→∞

(pc,o(n) − pc,e(n)) = ∞;

or

lim sup
n→∞

dm(n) = ∞.

Proof By an argument similar to the one provided above establishing that Pc is a generat-
ing function for partitions into consecutive parts, we conclude that h(n) = pc,o(n)−pc,e(n).
Further, it is shown in [5] (see also [4,19]) that h(n) = dm(n). Thus, we have established the
equivalances stated in the proposition; hence, it suffices to show that lim supn→∞ dm(n) =
∞. A proof of this fact is established in [20]. ��
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